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Report NAS T7-136F

FOREWORD

This final report is submitted in fullfillment of Contract No. NAS 7-136,
conducted from 18 April 1962 to 18 February 1964. The report consists of two
volumes. The first volume contains the technical discussion and results of the

study, and the second volume contains the appendices with methods of calculation
and detailed results.

The work was conducted at the Aerojet-General Liquid Rocket Operations in
Sacramento, by the Research and Advanced Technology Division. The primary con-
tributers to the report were V. H. Ransom, Project Manager of the first phase of
the contract, F. X. McKevitt, Project Engineer during the same period and Manager
of the second phase; N. C, Deleuze, Project Engineer during the second period,
and J. D. Hwang, J. D. Tuls, A, A. Trujillo, and T. J. Walsh.

The contract was conducted for the National Aeronautics and Space Admini-
stration under the manasgement of Mr. Henry Burlage, Jr., and the technical direc-
tion of Mr. Richard Cannova.
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APPENDIX A

THERMOCHEMICAL AND CHEMICAL KINETIC
LOSS CALCULATION
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I. ADIABATIC ONE-DIMENSIONAL FLOW THROUGH A NOZZLE

A discussion of the case of adiabatic quasi-one-dimensional, steady flow of
a homogeneous mixture of ideal gases* is included in this appendix. It is assumed

that the effects of diffusion, heat conduction, and viscosity are negligible.

The conservation equations are:

pVA = m = constant (Eq 1)
2
v
H + 5~ = constant (Eq 2)
viv | 1 ap _
= * 5 o - 0O (Eq 3)
and A = A(x) (Eq &)

specifies the nozzle geometry.

Let the total number of chemical species such as Mi in the gas mixture be

n, of which the first n, are atomic species and the remaining n-nA are molecular

species. The rth chemical reaction taking place in the mixture is formally written

as,

n k; n
Y ovow 2> ) v, (Ba 5)
iz Yot <7 i1 Y

%D

where r = 1,2,N, and N is the total number of reactions, and kR and kD are the

reaction rate parameters of the forward and backward chemical changes in the rth

reaction.

* Bray, K.N.C., Appleton, J.P., Atomic Recombination in Nozzles:
Methods of Analysis for Flows with Complicated Chemistry, Depart-
ment of Aeronautics and Astronautics, University of Southampton,
April 1961
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I, Adiabatic One-Dimensional Flow Through a Nozzle (cont.)

The total possible number of elementary, independent reactions is equal to
the number of molecular species, n-n,. At least this number of reactions must be
postulated in order that the problem may be completely formulated. In fact, N will
be greater than n-n, if a given chemical process, brought about by more than one
different catalyst is treated as several different reactions; the number of re-
actions being equal to the number of catalysts. This may be necessary when the
reaction rate is greatly affected by the nature of the catalyst. The above general
statements are not intended to imply that all of the N reactions will be of equal

importance in a given flow system.

The equations of state are:

n n
P = Z p, - 22 Z 5 (Eq. 6)
i Wt
i=1 i=1
n T
H = z vy f Coq AT +BHy 5 W, (Eq 7)
. (o]
1=l T

There are n-n, differential continuity equations corresponding to the reac-

tions (5), which will be written for the molecular species. The i,. of these equations

th
is
DYi - n ” erh
=1 = g v -V A NN
p = wT ( iI‘" irl) k-'D Tr W ) (Eq 8)
where in the steady case %E EEV'%; . There are also n, algebraic continuity equa-
tions for the atomic species,

(Eq 9)

2
'_J
ZlHZ?

-

+
[67]
o
Q
S' =
-
il
o ]
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I, Adiabatic One-Dimensional Flow Through a Nozzle (cont.)

where r; is the total mass fraction of the i_, atomic species in the gas mixture

th

in both atomic and molecular forms, the Siq is the number of atoms of the i species

th
in the Uiy, molecular species.

If the chemical kinetic data suggests that the rth reaction proceeds suf-
ficiently fast to remain in chemical equilibrium, then the mass fractions of the
species taking part in the reaction are related by the law of mass action; i.e.,

v - V.

n ir" ir'
r Yi
. T
i 1

I [

Equation 10 then replaces one of the set of differential equations (Equation 8). If
all the N reactions remain in equilibrium, then clearly, N laws of mass action may
be written. However, it will be found that only n-n, of these are independent and

A
they will replace the n-n, differential equations Equation 8.

A
If the chemical composition in the flow is fixed (frozen flow) then the

laws of mass action are replaced by a set of equations
Y. = C. (Eq 11)
where Ci is a constant.

The general non-equilibrium nozzle flow problem is specified by the n + 6
equations (1) through (4) and (6) through (9) above, of which n - n, +1 are dif-
ferential equations. The independent variable is x and the w + 6 dependent variables
are: P,p, T, H, V, A and ¥ (i =1,2, ... n). It is assumed that the area dis-

tribution A(x) is specified.

Page 3
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IT. SUDDEN FREEZING

Bray performed exact calculations* for air flowing through a nozzle with a
single reaction and found that, for a nozzle of large area ratio, three flow

regions may be distinguished., These are:

1. A region of near equilibrium flow in which deviation from the infinite
rate solution is small.

2. A transition region,

3. A region of nearly frozen flow in which the reaction has almost

ceased.

If the area ratio is very large, a good approximation to the conditions
at the exit of the nozzle may be obtained by reducing the transition region
to a point, which is called the sudden freezing point. Upstream of this point,
the flow is assumed to remain in complete equilibrium, so that the infinite
rate solution applies. Downstream of the sudden freezing point, the reaction
ceases and the composition of the gas remains frozen. This approximation
cannot give the exact values of all the flow properties a long way downstream
however well the sudden freezing point is chosen, because it does not take
account of the entropy rise which actually occurs due to the nonequilibrium

phase of the reaction. However, the errors may be very small.

The n-np equations (Equation 8) are first written in the form

§£i=2ichrxr (Bq 12)
I'=|

r
where X, which represents the curly bracket in Equation 8, is given by

r r r

¥Bray, K.N.C., "Atomic Recombination in a Hypersonic Wind-Tunnel Nozzle, "
Journal Fluid Mechanics, Vol 6 (1959)
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IT, Sudden Freezing (cont.)

and

]

0 H

h
K3 ﬂ G (Eq 14)
T
=1

2v)
[

h
Vi n
> = K5 ﬂ (Lwl);) : (Eq 15)
=1

If the T reaction proceeds at an infinite rate and so remains in complete

equilibrium, both R; and %§ are infinite. The difference between these two
infinte terms, which is proportional to the net rate of change of Yi due to the

th reaction, must then be determined from Equation 10 rather than from Equation 8.
This argument suggests that, if the Vth reaction proceeds at a finite rate
which is sufficiently fast to remain close to equilibrium, then

R§ ~ R; (Eq 16)

so that

Ry > X (Eq 17)

If equation 16 is nearly satisfied, then so is the law of mass action, Equation 10;
thus, the quantities RE and Xr in the criterion (16) may be evaluated on the
basis that the rth reaction remains in complete equilibrium. ZEvaluation of Xr
under these conditions requires care. Calculated as the difference between RE
and Rg, where kg and kg areinfiniteaccoiding to the above equilibrium approxi-
mation, it is indeterminate. However, X 1is in fact finite, even for the infinite

rate solution.
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II, Sudden Freezing (cont.)

If the total number of reactions considered, N, is equal to the number of

molecular species present n—nA

equations (12) if the in/dx values are suitably calculated (see below). On

, then x% can always be found from the system of

the other hand, if]ﬂ?(n-nA), x* cannot be determined in this way because there

are more T values than there are equations (12). The physical explanation of

the apparent anomally is that, when the reactions are all close to equilibrium,

the chemical probiem is over-specified if N ;>(n—nA) because only n-np laws of

mass action are required to determine the composition. It is not then possible

to determine the contributions of the individual reactions to in/dxo Because

of this difficulty, we shall assume in this section that N = (n-nA). The criterion

(17) for the rth reaction to be near equilibrium may be rewritten in the form

>> | (Eq 18)

tJ
il
"

where the suffix e indicates that the functions are evaluated with the rth

reaction in equilibrium.

A criterion similar to (18) may be used to define a region in which the

h . .
r reaction is nearly frozen, namely,

B << | (Eq 19)
However, this condition is not accurate to the same degree as (18), because
the evaluation of B assuming that the rth regction is in equilibrium must

lead to errors when this reaction is, in fact, nearly frozen.

The two conditions expressed by Equation 18 and 19, suggest a criterion,

which may be used to define the sudden-freezing point. Since the sudden-freezing
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II, Sudden Freezing (cont.)

point of a particular reaction lies between the near-equilibrium and near-frozen

limits defined by Equation 18 and 19 respectively, we write
B = Q (Eq 20)

at the sudden-freezing point. The constants Qr are expected to be of order unity.
Clearly, equation (20) is purely empirical.

Page 7



Report NAS 7-136-F, Appendix A

ITT. CALCULATION OF THERMOCHEMICAL AND CHEMICAL KINETIC DATA

Using & program in existence at Aerojet-General, the equilibrium one-
dimensional performance and properties of the propellants 02/H2, F2/H2, Nzoh/
Aerozine 50 and Néou/Alumizine were calculated for a range of mixture ratios
and chamber pressures.¥ So that the effect of freezing on performance could

be ascertained, performance calculations were also made for flows frozen at the

nozzle entrance and at area ratios of 1, 2, and 5 for Ngou/Aerozine 50 and LOE/LH2’

The results of all of the above calculation are given in Figures A-1 through
A-30. The characteristic velocities are given in these figures, so that the

thrust coefficient and thrust may be readily calculated.

In the application of the freezing point criterion, from the set of
reactions which actually determine the chemical composition in the nozzle, one
was chosen as dominant on the basis of its high concentration, and high heat of
reaction. In addition to this reaction, as many of the other reactions as are
required to adequately describe the gas composition in the nozzle are considered.
The assumption is made that once the dominant reaction freezes, the entire flow

is frozen from that point in the nozzle to the exit.
The diatomic recombination reaction takes place as follows:
A+B+M—AB+ M

where A and B are atomic species and M is an inert third body. In this program,

the rate of recombination is determined from

P PN
T

i=1

*¥For a description of the program see Grisman, P., Goldwasser, S., Petrozzi, P.,
" Proceeding of the Propellant Thermodynamics and Handling Conference, BEngineering
Experiment Station Special Report No. 12, Ohio State University, June 1960.
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ITI, Calculation of Thermochemical and Chemical Kinetic Data (cont.)

where the quantity WT outside the product represents the concentration of the
inert third body, viz.,(M = 1, and every atom and molecule present is considered
equally effective as a third body. Therefore, only the concentrations of the
recombining species, A and B, are required as input to calculate Rf-

The program can handle a reaction rate constant of the form

kp = a™ exp (c/T)

where a, b, and c are constants for the reaction being considered. The required
equilibrium rate of composition change along the nozzle is obtained by combining
the composition data from the equilibrium solution and nozzle geometry data as

follows:

an <dY1> (S8,

= (Eq 22)

Composition freezing is assumed to occur when B, below, is unity.

R (Eq 23)

The value of X 1if determined by solving a set of J simultaneous equations
of the form:

Yi -
MILE-g airxr i=1.0.,J (Eq 24)

Q-

a S—
[=s)
1}
~
~
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III, Calculation of Thermochemical and Chemical Kinetic Data (cont.)

where the coefficients are determined as follows:

6, = —= (v
ir PV iptt - Vip

) (Eq 25)
Note that in order to solve this set of equations, the number of reactions must

equal the number of chemical species considered.

The calculation of dC"/dx is based on simple one-dimensional expansion
for the conventional contoured and conical nozzles. In the unconventional plug
and forced-deflection nozzles, the gas flow at any axial location is not uniformally
expanded. The approach for these cases was to calculate an average steam tube that
would divide the flow field in half, i.e., 50% of the mass flow would lie on
either side of this 50% stream tube. The gas flowing along this stream tube would
then have an average value of fully expanded flow, and the new "equivalent'
axial distance would be the distance along the 50% stream tube. The value of
dA/dx for the 50% stream tube was then calculated and used in computing the

kinetic losses for the plug and forced-deflection nozzles.

The two propellants considered were L02/LH2 and Ngou/Aerozine 50. The

set of reactions chosen to describe the recombination of LO2/LH2 is

H+H+Ms= H, +M (a)
H+OH+M~="H,0+M (b)
O+ H+M=~==0H +M (c)
with species, H, OH and HQO being used to solve for Xf. For the recombination

of NEOM/Aerozine 50, the set chosen was

H+H+M=—=H, +M (a)

H+ OF+M===H,0+M (v)

O+H+M=—" 0H +M (c)
Page 10
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ITT, Calculation of Thermochemical and Chemical Kinetic Data (cont.)

CO + H,0 == Co, + H, (c)
2NO ==> N, + 0, (a)
H, + 0, === 20H (£)

Species used here to solve for Xf are H, OH, O, CO, NO, and H2.
The heat evolved by reaction (b) is, in each set, the greatest. Also,
the concentrations of H and OH in the chamber as shown by the equilibrium

calculations are, compared with other unrecombined species, high. Therefore,
for both propellants

H+OH + M~—— H20 + M

was taken as the reaction determining the freezing point*

K = 1.6 (lO)17 cm6/mole2 - sec.

Once the freezing area ratio in a nozzle is found, a specific impulse,
taking into account departure from chemical equilibrium, is determined from

curves such as those given in Figures 1 through 2k.

The results of the freezing point calculations which were made only for

NéOA/Aerozine 50 and L02/LH2 are shown in Figures 31 through 48, where Ce
defined as

K)

_ Is chemical non-equilibrium, (Eq 26)
€KX Is equilibrium

*¥The flow rate constant, kf, of this reaction is from Baier, R. W., Byron, J. R.,
Armour, W. H., "Application of the Bray Criterion for Predicting Atomic Recombi-
nation Effects in Propulsion Systems," Aeroneutronic, 14 February 1962.
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III, Calculation of Thermochemical and Chemical Kinetic Data (cont.)

is plotted against nozzle exit area ratio for constant ideal thrust. These
data are for bell (vacuum Rao) nozzles with 0.2R, downstream throat blend
radius, plug nozzles, and forced-deflection nozzles having a base area ratio
of 25. For the other nozzles considered in this report, estimates of an were

made based upon the results for the above nozzles. for the swirling flow

C&K
nozzle was assumed to be the same as that for the bell nozzle having the same
area ratio as the effective area ratio of the swirling flow nozzle. The annular
nozzle losses were assumed to be the same as those for the forced-deflection
nozzle. The losses for the aerodynamic and conical nozzles were taken to be

the same as those for the bell nozzle.

Since the value of rate constants, kf, at high temperatures are not known
very accurately, the effect of changes in the value of kf on the values of CEK
was studied for the propellant Néou/Aerozine-BO; Pc , 100 psia; MR 2.0:1; and
a bell nozzle exit area ratio of 60:1. The results are given in Figure 49.
Increasing the presently used value by a factor of ten would approximately halve

%?K’ and decreasing it by a factor of ten would approximately double CEK'

The nozzle contours used in the computation of q&K were the optimum ones
based upon the expansion of a gas having a constant Cp/Cv of 1.2, for the
nozzle exit area ratio being considered. Figures 31 through 48 show that, as

might be expected, is considerably affected by thrust, i.e., throat radius,

C
€K
decreasing with increased thrust. Inasmuch as the curves of Figures 1 through

Cex
29 diverge with increasing area ratio, qEK must increase with increasing area
ratio since the changes in the optimum nozzle contour that are the result of
increasing the nozzle exit area ratio change the freezing area ratio only
slightly, for the same throat radius. The fact that the ideal specific impulse
increases with increasing exit area ratio, thus making the throat radius smaller

for a given ideal thrust, also tends to increase qu with exit area ratio.

Page 12
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III, Calculation of Thermochemical and Chemical Kinetic Data

The losses are somewhat greater for the forced-deflection and plug nozzles
than for the bell nozzles. The losses are also seen to increase with increasing

mixture ratio and decreasing chamber pressure for both propellants.

To see what effect changing the contour might have on st’ it was computed
for nozzles having 1.0 RT and 6.0 RT downstream blend radii. The results are plotted in
Figure 50. Increasing the downstream radius does decrease qu. However, to
achieve the same exit area ratio, in these cases, requires a longer nozzle.

This effect is discussed in Section III-C.
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LIST OF SYMBOLS

Nozzle cross-sectional area

Defined by Equation 18

Specific heat at constant pressure of the 1th species

Specific anthalpy

Heat of formation

Equilibrium constant, th reaction

Chemical formula)ith species

Number of chemical reaction

Defined by Equation 20

Universal gas constant

Defined by Equation 1k and 15 respectively

Temperature

Stoichiometric coefficient, ith reactant ih the rth chemical reaction
Stoichiometric coefficient, ith product in the rth chemical reaction
Velocity

Molecular weight, jth species

Total molecular weight of gas mixture

Recombination rate constants

Chamber pressure

Ideal thrust

Number of atoms of the ith species in the gqth molecular species

Distance along nozzle axis
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Specific Impulse of N204/Aerozine 50, MR = 2.4, PC = 25 psi
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Rpansion Area Ratie

Figure 5

Specific Impulse of LOZ/LH2, MR = 6.0, PC = 25 psi
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Specific Impulse of LOZ/LH2, MR = 7.0, Pc = 25 psi
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Specific Impulse of Fz/Hz, MR = 16.0, PC = 50 psia
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Specific Impulse of LOz/LHz, MR = 6.0, P
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Specific Impulse of Fz/HZ’ MR = 10.0, P




i

100 ps

C

Expansion Ares Ratis

Figure 19

Report NAS 7-136-F, Appendix A

Specific Impulse of FZ/HZ’ MR = 13,0, P
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Specific Impulse of FZ/HZ’ MR = 13.0, P
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PART 1 SHEAR DRAG LOSSES

I. INTRODUCTION

The investigation of losses occuring in rocket nozzles due to viscous effects
between the nozzle wall and the gaseous boundary layer must be undertaken before the
rerformance of any nozzle can be accurately predicted. There are two possible meth-
ods of calculating this shear drag, the name commonly given these viscous effects:
(a) momentum considerations of the viscous and inviscid portions of the nozzle gas
flow, and (b) empirically derived expressions which correlate drag values with speci-
fic variables of the flow, i.e., Reynolds number, Mach number, chamber pressure, etc.
The methods were applied to both high and low area ratio nozzles. Cold flow thrust
data for a convergent-divergent conical nozzle having an area ratio of 18.2 was
available¥* and a comparison of this data with the results of the drag computation
using the two methods described was made. The difference between theoretical and
measured thrust was 0.7%. The loss predicted by the extended Frankl-Voishel analy-
sis considering only that portion of the nozzle downstream of the throat was 0.5%.
The loss predicted by the boundary layer analysis, also considering only that portion

of the nozzle downstream of the throat, was 0.8%.

Initially, it appeared that either of the methods would provide adequate

shear drag values. As drag prediction was attempted for the large area ratio noz-
zles, a major problem was encountered. The problem arose because the nozzle contours
were calculated using inviscid flow relations, and the actual Mach number was there-
fore less than predicted. For the low area ratio nozzles where the boundary layer

is quite thin, the predicted Mach number is very nearly equal to the actual Mach
number. This is not the case for high area ratio nozzles where the boundary layer

is quite thick and occupiés a major portion of the flow field. The boundary layer
analysis was therefore of questionable value at the higher area ratios, not because
the method of analysis was incorrect. The problem was that the input, (Mach number),

could not be determined with sufficient accuracy.

*"Model Tests of Several Rocket Exhaust Nozzle Configurations including Thrust Vector
Control Devices,” R. G. Brasket and C. W. Landgraff, FluiDyne Engineering Corporation
Report on Project 0160, November, 1960.
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I, Introduction (cont.)

The extended Frankl-Voishel analysis was chosen as the method by which shear
drag would be predicted, because it was based upon actual shear drag measurements,
was simpler to use, and provided consistent drag data that appeared to be of the
correct order of magnitude. Both methods of predicting shear drag losses were exXam-
ined in some detail, and the main features of each are presented on the following

pages.
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BOUNDARY -LAYER CONSIDERATIONS

Skin friction drag can be predicted by means of momentum considerations,

provided one has knowledge of both the velocity profile through the boundary layer,

as well as the velocity of the main-stream flow at the interface between the bound-

ary layer and the main stream.

The boundary-layer thickness was calculated using the integral momentum

equation for axisymmetric flow in terms of the displacement and momentum thicknesses.

The equation was simplified by several assumptions to obtain a differential equa-

tion amenable to numerical solution by Adams integration rule. The assumptions made

M [TV
in the program were: (1) Prandtl number equal to one, (2) - > s

=T

(3) perfect gas, (U4) ratio of specific heats, Y', equal to a coﬁstant,c(S) gas con-

stant, R, equal to a constant, (6) u/ul = (y/g)l/T , and (7) 7;4/ém u12 _ {.01311/7.
Re
N8/

Figure 1 compares the equation for N with the results obtained by six investi-

gators (1) through (6) who experimentally determined the values of N. The figure

indicates that a constant value of N adequately describes the boundary layer flow

field.

(1)

(2)
(3)

(5)

(6)

Cole, J. K., Preliminary Investigation of the Interaction of an Oblique Shock
Wave and a Turbulent Boundary layer, Master Thesis, University of New Mexico,
1961.

Brinich, P. F., and Diaconis, N. S., "Boundary layer Development and Skin
Friction at Mach Number 3.05," NACA TN 2742, 1952.

O'Donnel, R. M., "Experimental Investigation at Mach Number of 2.41 of Average
Skin Friction Coefficients and Velocity Profiles for Iaminar and Turbulent
Boundary Iayers and Assessment of Probe Effects," NACA TM 3122, 1954.

Rubensin, M. W., Maydew, R. C., and Varga, S. A., "An Analytical and Experi-
mental Investigation of the Skin Friction of the Turbulent Boundary layer

on a Flat Plate at Supersonic Speeds," NACA TN 2305, 1951.

Wilson, R. E., "Turbulent Boundary Layer Characteristics at Supersonic Speeds -
Theory and Experiment," Journal of Aeronautical Sciences, Vol. 17, No. 9,

1950.
Schubauver, G. B., and Klebanoff, P. S., Contributions on the Boundary lLayer
Transition, NACA Report No. 1289, 1956.
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II, Boundary layer Considerations (cont.)

Figure 2 shows the variation in viscosity with temperature for liquid oxygen/
liquid hydrogen, mixture ratio of 5, chamber pressures of 100 psia and 500 psia,
under the conditions of equilibrium flow. Figure 3 is the same except that it repre-
sents viscosity versus temperature for frozen flow conditions. As can be seen from w0
the figures, the exponent w, used in the viscosity-temperature relation (qzi—) = ( ),
can be considered constant for a specified flow condition and chamber pressu%e.
The viscosity data was obtained from an Aerojet computer program using the transport
properties subroutine of the thermochemical performance computer program (See Appen-
dix A). The exponent W was also determined for Ngou/Aerozine 50 and liquid hydrogen/
liquid flourine. The effect of the viscosity exponent on the boundary layer thick-
ness was investigated; the results are shown in Figure 4 for a nozzle having an area
ratio of 200. A 10% change in viscosity exponent leads to a corresponding 1% change
in boundary layer thickness. It was estimated that the viscosity exponent can be
determined to within 2% and that this effect on boundary layer thickness is negli-
gible,

Constant values of \*, ratio of specific heats, and R, gas constant, were
assumed in the program. In order to determine the validity of this assumption, the
sonic velocities were calculated using a =Q§ré§5ﬂ and from an Aerojet-General program
which is based on the definition of sonic velocity a = %%2—) s, and is therefore
free of the assumption of constant Y' and R. The results are shown in Figure B-5.

The sonic velocity as determined from a =V§réﬁijis based upon average, constant
values of " and R for liquid oxygen/liquid hydrogen. As can ge seen from Figure 5
the agreement between the two is within 2% over a temperature range of 6000°R.
Constant values of Y and R were used in the program as the simplifications brought

about by this assumption more than compensate for the small error introduced.

Shown in Figure 6 is displacement thickness versus distance along the con-
tour for a bell nozzle having a throat radius of 2.167 in., an area ratio of
approximately 18, and an exit Mach number of 3.433. The displacement thickness
predicted at the exit by the present analysis is 5.6% greater than that predicted
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IT, Boundary layer Considerations (cont.)

by the empirical relation by Monoghan and Johnson.(7) This relation relates boundary

layer thickness to Mach number, Reynolds number, and distance along the contour.

Results obtained from the boundary layer program are of general interest and
are presented in Figures 7 through 10. Figure T shows the boundary layer growth in
nozzles having area ratios ranging from 10 to 200 for the L02/ LH2 propellant combi-
nation. Figures 8 and 9 indicate the comparison of boundary layer growth for con-
toured convergent-divergent nozzles and plug nozzles. Comparison indicates that
the boundary layer growth is greater for external expansion nozzles than for com-
parable internal expansion nozzles. The plug nozzles of Figure 8 are truncated to
approximately 40% of their full isentropic length. The reason for this procedure
was that the plug nozzles of interest would likely be truncated to reduce weight
while gtill retaining a high percentage of the design thrust value.

The effect of geometrically scaling nozzles on the boundary layer thickness
was investigated. Figure B-10 shows the boundary layer growth in two nozzles, one

of which is approximately five times as large as the other. There is definite scale
effect.

(7) Monoghan, R. J., and Johnson, J. E., British AIC CP 64, 19L9,
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IIT. EMPIRICAL CONSIDERATIONS

The particular empirical relation used for predicting skin friction drag was
the extended Frankl-Voishel analysis of Rubesin, Mayden, and Varga.(8) The original
analysis was performed by Frankl and Voishel in 1937.(9) In their derivation, the
solution to the Von Karman momentum integral could not be solved in a closed form
so they performed the integration by using a power gseries in terms of Mach numbers.
In the extended Frankl-Voishel analysis of Rubesin, Maydew, and Varga, the authors
numerically integrated the Von Karman momentum integral and thereby avoided the

restriction to low free stream Mach numbers.

The extended Frankl-Voishel expression for skin friction is,

0.472

c = (Eq 1)
FRICT (LOGlORe)e'SB (1 + vé 1 M?) 0.467
by definition,
T,
C = (Eq 2)
FRICT 2
1/2 PV
F
T o= = (Eq 3)
W A
then the final expression for shear drag is,
& = 0.k R Ve aa (Eq 1)

(8) Rubesin, M. W., Maydew, R. C., and Varga, S. A., "An Experimental and
Analytical Investigation of the Skin Friction of the Turbulent Boundary
layer on a Flat Plate at Supersonic Speeds," NACA TN 2305, February 1951.

(9) Frankl, F., and Voishel, V., "Friction in the Turbulent Boundary lLayer of
a Compressible Gas at High Speeds," NACA TM 1032, 1942.
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III, Empirical Considerations (cont.)

and the shear drag loss, CED is,
c = —____ shear drag = Fy (Eq 5)
€D ideal one-dimensional thrust = C PAC
Fl-D ctd

Equation 4 was numerically integrated by means of a computer. By using the correct

expression for area, a series of eight different types of nozzles were studied.

The viscosity term appearing in the Reynolds number was calculated from the
equation /U= /Ub (T/TO)w where the value of w for each propellant studied was deter-
mined from chemical composition data as explained in the boundary-layer analysis.
The Reynolds number was based upon distance along the contour using properties
evaluated at an arithmetic mean temperature which was an averaged value of wall and

free-stream temperature.

The shear-drag losses, Cgp, have been calculated for the contoured (Rao),
conical, plug, forced-deflection, swirling-flow, annular, shourded, and clustered
nozzles. The losses are shown in Figure 11 through 25. The plug-nozzle losses
shown are for the full isentropic plug, as well as for plug nozzles truncated to
10, 20, and 30% for the full isentropic plug length. The forced-deflection nozzle
losses are calculated for base area ratios of 15, 25, 50, and 100. The shear-drag
curves show the drag loss as a function of area ratio for four values of F P

2
(Thrust x Chamber Pressure)s 1, 10, 100, and 1,000 i%%il_

C

During the analysis of the shear-drag data, it was necessary to plot curves
of drag loss versus thrust for a specific area ratio and several chamber pressures.
This would result in a large number be necessary plots, but if two of the four
variables (CED’ €, Pc, F) could be combined, presentation of the data could be
simplified. The drag loss parameter CED is a function of the parameter F PC only
for a fixed area ratio nozzle. This may be shown by means of the following argue-

ment:
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III, Empirical Considerations (cont.)
For a fixed area ratio nozzle

2
/'LL (0.k72) Asurface

D=
» 2.58 _0.Lé7
2 Llog E/%] [1 + Y;'l M2J

and since/O o4 Pc and X o<vAt,

D X PcAt g
F - 2.5
LlOglO (Pc W PcAt
where
F « PcAt
D 1
=
F 2.58
[loglo P, F ]
Pq
1
D x
7 = C 2.58

€D
[loglo \j FPC']

so that FPC is indeed a parameter by which geometrically similar nozzles can be

compared.

By plotting the curves for each of the propellants and nozzle types, it was
observed that the curves were parallel and that they could all be represented by a
single curve to which suitable scaling could be applied ((3 factor). The effect of
propellant variation upon drag loss could then be easily calculated. The factor
was determined by plotting the drag loss versus area ratio for a few nozzle types,
(bell, plug, and forced-deflection), and then manually shifting the curves an amount,
/3, so that the curves for several propellants could be represented by a single

curve. The factor (6 was found to be a constant that is independent of nozzle type.
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III, Empirical Considerations (cont.)

PART 2 -- REDUCTION OF SHEAR DRAG LOSSES

|
Wi By Tt | ::

The following is a derviation of the expression for shear stress with mass injec-

tion:

mass flow through plane 1-2
L
m = /// udy
1-2 =/ f

Mass flow through plane 3-4

L L
. d
m3_u = [/Oudy +—dx [Zﬂudy ] dx

Mass flow through plane 2-3

m2_3 = /Qo Vl dx

Mass flow through plane 1-4

Moy =/OwVﬁ,dx
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III, Empirical Considerations (cont.)
Applying the conservation of mass principle

+ m

=y oty Yy g

M)y =W o

L L L
d l
+ =
[/Oudy 3 ‘O//Oudy ] dx K/Oudy + /OV dx + /OV‘_L dx

L
d _
= Jézﬁdy = AVt RN

Momentum through plane 1-2
L

J/;Ouedy
o)

Momentum through plane 3-k4

véﬁZugdy'+ é% [ jé%buzdy] dx

Momentum through plane 2-3

A%qu” dx

Momentum through plane 1-4
LW so 0

Applying the momentum principle: change in momentum through control volume equals

the sum forces acting on the control volume.
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I1I, Empirical Considerations (cont.)

Amomentum = A(hv) = 7’ + PL - [IPL + é% (PL) dx]
A (1) T + — (PL) ax

(xhv)l_2 + (rhv)2_3 + (rﬁv)l_LL - (zﬁv)s_)_l_ /T + 4 d (PL) dx

L L
2 2 d 2 _ d
KOu dy + (QOVono dx + /C%IVWdex - [(-Ou dy - E[ jOu dy] dx = 7; + = (PL)dx

Since U =0
W
L
4 ‘,Ougdy - oale ~ aPp
dx ‘jO ( 0 = - rW =L %

The free stream velocity can be related to the axial pressure gradient by using

Bernoulli's equation
g )

/OU dueo
Substituting Eq's. 7 and 18 into Eq. 17

L L
2 a - duy
\[pu & +/0WVWU°° ) Uwﬁ 'O//Oudy T Tw * ReUoo L dx

since Uoo does not depend on Y

L
du du
UL s _ 5
Ps’s = P [Usdy

Substituting Eq. (20) into Egq. (19)

Tw =——//)u(u -u)dy +—-/(/o°o o /ou)dy VSRS
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III, Empirical Considerations (cont.)

By definition of displacement and momentum thickness

g* = 4550-- %Eﬁ:? dy

§ 2
- [lE Ba)
(o) °Cu°O OOuoo)
Substituting Eq. (22) and (23) into Eq. (21)

T '
W a6 6 du.,o[ 2 . & P
= — + — — 2— + -_ - R e——
/Qoui dx u, dx 0 e ,Owuoo

Effect on performance of injecting through nozzle wall rather than through nozzle
throat:

Equivalence of thrust and specific impulse for injection through the experimental

nozzle walls versus injection through the nozzle throat:

F.
(IS)W‘ AN F,
(1 ) Fs + F - FS + F
st -r———rg'- P
w_otw

The method used to compute this ratio is described below. The flow rate through a

sonic nozzle may be computed from: v

N

4, P
MPA (1 fLZw b
W =/QVA =
RT,
Page 12
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III, Empirical C nsiderations (cont.)

since M = 1.0 at the throat

1
) Y 5 2(V"-1)
w o= PA |\~ (=
¢t RTC ¢ +L
By definition F = CFPcAt
(Is)w - (CFPcAt)i
(Is)t (CFPcAt)s * (CFPcAt)p

Assume the primary and secondary nozzles have the same area ratio and chamber pres-
sure, and that the primary nozzle has the same throat area as the nozzle utilizing

injection through the wall.

(IS)W‘ _ CFi Atp
(Igjg ) (CFAt)s * (CFAt)p

S

Y+l
T
o %CAt'\ g <2 2110-15]
s _ RTe 41 s
v v +L
P Yg (.2 ) -
% Ay RT <x~+1 -1 2:|
P
Y+
. [PcAt e 2 2(F-1) ]
A, = s RT. (" +1 P
s 3 YT
P {Pc ‘g 2 2(r-1
BT, T+ L
or
A ) W KpAtp PCp
ts Wp KS PCS
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III, Empirical Considerations (cont.)

Where K is a constant which depends upon the properties of the primary and secondary

gases.

Substituting Equation (9) into Equation (6)

(IS)W' _ CFl
— = . A
(1) s 1
st O T T Y G
P s
(Is)w _ CFi
I - C W K
s’t CF' CFs Ws 'K'E +1
p Fp p s
Is)w _ FiPcpAtp
IS)t - C v, K
PciAthp C w_ Kp * 1
Fp P s
Yor air with Helium injection
C K
L D
C.. K
Fp s
(Is)w _ FiPcp
(), = W
s’t S
FOPCi(l+2.27 —
e
For air with nitrogen_injection
C X
L8 21017
Cor X
Fp s
(IS)W i FiPep
., F P . (1+.017 s )
o ci W
b
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SYMBOLS LIST

Surface area, ft2

Sonic wvelocity, ft/sec

Throat cross sectional area, ft
Skin friction coefficient

Shear drag loss

Rocket thrust, lbs

Shear drag, lbs

Gravitational acceleration, ft/sec2
Mach number

Exponent in velocity profile
Pressure, l'bs/ft2

L v [ Or
b"J.Uf/ 10 -

Gas constant,
Nozzle radius, ft

Reynolds number

Entropy

Absolute temperature, degrees rankine

Velocity component in axial direction, ft/sec

Velocity component normal to wall, ft/sec

Distance from nozzle throat measured along nozzle contour
Distance normal to wall, ft

Boundary layer thickness, ft

Boundary layer displacement thickness, ft

Ratio of specific heats

Density, 1bs/ft3

Dynamic viscosity'lbm/ft-sec

Viscosity exponent

shearing stress, lbs/ft2

Nozzle wall angle and momentum thickness, degrees and ft
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AM

n

g « + =
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SYMBOLS LIST (cont.)

Conditions evaluated at arithmetic mean temperature
7 = TWHTY

am 2

Conditions at the chamber

Primary

Secondary

Conditions at the wall

Conditions at the edge of the boundary layer

Throat conditions

Free steam conditions
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APPENDIX C

GEOMETRICAL THRUST LOSSES AND OPTIMUM NOZZLE CONTOUR DESIGN

Part 1 Perfect Gas

Part 2 Equilibrium Flow for Bell Nozzle
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FIGURE LIST

Geometric Losses for Cone, Bell, Forced-Deflection,
Plug, and Two-Dimensional Wedge Nozzles

Geometric Losses for Disk Nozzle
Performance of a Conical Nozzle

Nozzle Control Surfaces and Parameter for Performance
and Design Analysis

Geometric Losses for a Plug Nozzle as a Function of
Plug~Length Truncation
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PART I -- PERFECT GAS

I. INTRODUCTION

Geometrical losses in a rocket nozzle are a result of the gases leaving
the nozzle exit plane in a non-axial direction and with non-uniform velocity.
They are a function of the nozzle contour as well as its area ratio. The losses
have been computed for each of the nozzles investigated, and are shown on Figures 1
and 2. The basic definition of the thrust loss parameter qEG is

Cp

Fl-D

qEG = 1~ G

1

where CF is the maximum vacuum thrust coefficient for a given nozzle length,

derived by taking into account only the geometric losses. is the vacuum

F1-p
thrust coefficient obtained by expanding the gas one-dimensionally to the area
ratio of the nozzle. The one-dimensional vacuum thrust coefficient CFi.p may
be computed as a function of area ratio and ratio of specific heats from the

following two equations:¥

41 €1
c | (_E_)‘A‘-l 1 - (E ¢ + Ze e
Fi o -1 ‘WL P_ P_
and
41
-1
2
(==~
Y+1

I—J

=1L 7
T P ¢
ey \/i 12 ()
PC (‘-l PC
*Tables of CF1-p &re presented as a function of and Pe/Pc in H. S. Seifert

and J. Crum, Thrust Coefficient and Expansion Ratio Tables, Guided Missile
Research Division, The Ramo-Wooldridge Corporation, 29 Feb 1956.
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I, Introduction (cont.)

The methad used to compute C " is discussed under each of the separate

¥
nozzle headings ‘below.

II. CONICAL NOZZLE

The ratio of CF'/CF may be computed directly for the conical nozzle, by
1-D
assuming source flow and a spherical constant mach distribution at the nozzle

exit. The resulting loss factor is

c = 1l - cosex
€G 2

where  is the optimum half-angle of the cone. The optimum half-angle is that angle

which results in a maximum thrust coefficient for a given nozzle length. It is

determiﬁed graphically as shown on Figure 3.
IIT. BELL NOZZIE

The contour of the bell nozzle used for the mission analysis was determined
for a peffect gas with a fixed ratio of specific heats using a computer program
employing the method of characteristics. A Sauver¥ start line was used, and the
contour was optimized using the method of Rao.¥¥ The Sauer start line has a
parabolic velocity distribution which allows less mass flow through the throat
than predicted by one dimensional theory. The discharge coefficient (Sauer mass
flow/one dimensional mass flow) is shown on Figure III-2. The thrust coefficient
calculated in the program includes the effect of this discharge coefficlent, and

was divided by the discharge coefficient to remove this effect. The geometric

loss factor shown on Figure C-1 is, therefore, independent of discharge coefficient.

The nozzles designed have a toroidal section immediately downstream of the throat

with a radius of two-tenths of the nozzle throat radius. Increasing the downstream

radius has very little effect on the nozzle losses for the same area ratio nozzle,
and so the larger radii were not considered in this study. The performance of
this nozzle and its optimum contour were also calculated for equilibrium flow of

the gas, as described in Part 2 of Appendix C.

*Sauver, R., "General Characteristics of the Flow Through Nozzles at Near Critical
Speeds," NACA TM 1147, 1946.

*%Rao, G.V.R., "Exhaust Nozzle Contour for Optimum Thrust, "Jet Propulsion, Vol 28,
No. 6, June 1958

Page 2




Report NAS 7-136-F, Appendix C

Iv. FORCED-DEFIECTION NOZZLE

The expansion process in the forced-deflection nozzle originates as a Prandtl-
Meyer expansion about the plug lip. The entire flow field is asymmetric with respect
to the direction of flow, and the gas streamlines are monotonic curves from the throat
to the nozzle exit. Exact solution of the gas dynamic equations has shown that the

following assumptions may be made:

8. The family of characteristics or Mach lines associated with the Prandtl-
Meyer expansion maybe assumed to lie straight and with uniform flow properties, V
and 6 .

b. The flow properties may be determined by the two-dimensional Prandtl-

Meyer relationship.

Using these assumptions, the nozzle contour may be determined from continuity
and axisymmetric, geometric considerations. To apply these principles, it is
necessary to properly select a control surface, S, which completely encloses the

rocket system.

continuity
m:\/S{OV‘EdS (qu)
momentum
F:/[ﬂg—'—ﬂ) (-v) -p‘ﬁ] as (Eq 2)
S

When Equations 1 and 2 are applied to specific control surfaces, S, for a forced-

deflection nozzle, the following relationships exist:

Re
. sinle 2TR
m —4 /Oe Ve sin —('ee +/U.67 dR (Eq 3)
Page 3
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IV, Forced-Deflection Nozzle (cont.)

-Re . 2 .
: Ve sin AMe cos B
= 5% 18 e COS U o 27T RAR
' /Rp [e g sin Fe+/e) ' Te 2TH (Bq &)

The geometric relations are shown on Figure 4. Equation 3 may be used for computa-
tion of the nozzle contour by equating the mass flow through the control surface to

the mass flow through the throat. The following relationships result:

5 _y + 1
Ry Rp 2 -1 &y -1
ERE PRSP S

(BEq 5)

The flow properties along the ith control surface are found from the two-dimensional

Prandtl-Meyer relationship
@: €e+’0e' 0i (Eq 6)

where

\‘ 1 1| y-1 ,.2 N - \) -
b= \%—f—?}: - tan “m (M —l) ]-tanl M2—l

(Eqa 7)

Thus, once the nozzle exit conditions and lip radius are known, the entire
contour may be found through successive application of Equation 5 with the flow
properties determined by Equations 6 and 7. The lip radius in dimensionless form
is Rp/rt’ and this quantity squared is the ratio of the base area to the throat
area. It is referred to throughout this report as the base ratio, and is selected
as an independent parameter. The nozzle exit angle, Geﬂ was computed using Rao's

optimum angle:

2 ]
& 14 -1l 2 V\ Me - 1
e T 2R [‘J:;:v Ve } (Eq 8)

Page 4
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IV, Forced-Deflection Nozzle (cont.)

and the nozzle length from the relation

o0 ®

L _rg Ty
Ty ten (G + /ie) (Eq 9)

The nozzle performance i1s found from Equation 4. After some manipulation, it
may be written in the form

e
Ce = 7 €

. sin (B + K)

, P Y M, cos Be :(
1 (Eq 10)

where

m
0

RN (RY
e | " \F (Eq 11)
t t
The pressure on the base of the nozzle ig approximately one thousandth of the

chamber pressure and has been neglected in this analysis.

V. PLUG NOZZIE

An efficient plug-nozzle design results if an isentropic plug is designed to
give uniform parallel flow at the exit. This is commonly referred to as the
"isentropic spike," and may be truncated considerably with low performance losses.
The calculation of the contour and performance of the truncated isentropic plug nozzle

was similar to that for the forced-deflection nozzle.

The resulting equations for the plug nozzle (Figure Ly, corresponding to

Equations 5, 6, 9, 10, and 11 for the forced-deflection nozzle are:
5 5 Y+ 1
Ry R, 2(¥-1)
=) - | L = 2 1+ r-1 sin (- 85 +M,)
ry re N+ 1 2 1 /ui'

Page 5
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V, Plug Nozzle (cont.)

where

<&
1

6, - Ve + 0,

Ry,

Ty t
tan (-6 +45)

R.
=
r

. P M, cos §
e e e
r ~ E’e[ sin (-6, + M) i 1]

An isentropic spike results when Re and {}e are zero.

Experimental data taken from plug nozzles with an area ratio of 30:1 and
truncated from 6 to 33% of their isentropic length indicates that about 70% of the
thrust which would have been produced by the portion of the isentropic spike which
was removed by truncation is recovered by the pressure on the base. This factor
establishes the basis for the geometrical loss factor Cecvshown on Figure 5. The

factor was computed from

1

Cp
Cee = 3 (X -g— )
isen
t
where CF is the thrust coefficient of an isentropic spike, and CF is the thrust
isen

coefficient of the truncated isentropic spike with no thrust recovery caused by

pressure on the base area.

Page 6
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VI. ANNULAR NOZZLE

The outer contour of the annular nozzle was designed with a computer program.¥*
The inner contour is a mirror imege of the outer contour, with the base ratio of the
nozzle selected such that the inner contour meets at a point in the exit plane of the
nozzle. This does not result in an optimum nozzle. It is expected that an optimum
contour hes a steeper inner contour. Increasing the base ratio such that the inner

boundary does not come to a point will also increase the performence of this nozzle
due to the pressure on the base.

The performance of the annular nozzle was estimated from the performance of a
two-dimensional wedge. The losses of the wedge nozzle (Figure 1) were computed by a
method similar to the cone, except that

_ _ sinx
Cee = 1 X

These wedge nozzle losses were multiplied by the ratio of the bell nozzle losses of
the cone nozzle losses at thea rea ratio of the wedge, to correct for the effect of

lowering the exit angle by contouring. The losses thus calculated are thought to be
low.

VII. STAR NOZZLE

A three-dimensional analysis is required for an exact calculation of optimum
contour and performance of the star nozzle. Since this was not available, a crude
approximation of two-dimensional flow in a wedge nozzle was used. A number of
sections similar to the section shown in Figure II-9 were arranged as shown to form
a polygon exit plane, with throats extending to the same diameter as the exit. From

the figure it may be seen that the wedge nozzles at the center polygon have an area

* Rao, G.V.R., "Analysis of a New Concept Rocket Nozzle," Liquid Rockets and
Propellants Progress on Astronautics and Rocketry, Vol. 2, M. Summerfield,
Academic Press, New York, 1960.
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VII, Star Nozzle (cont.)

ratio of 1, and the wedges at the outer periphery of the nozzle have a very high

area ratio. The effective area ratio of the unit is related to the maximum area

ratio by the relation

L €'max
2

The length of the nozzle may be computed from geometrical considerations:

L t W(e'l)“m(%?

r, tano( . n
t min

This is the length shown on Figure II-6 for a nozzle with eight throats. For
comparison with other nozzles, the length is also presented as a function of

hydraulic radius ratio on Figure II-7. The hydraulic radius ratio is defined as

2
P
Tttt

Hl’;ﬂ

which, after substitution of geometric relations, is

R _ 1 T(&E- 1)
r, € - 1\n tané
t 1+ tan 6

A real star nozzle might have throats that do not extend all the way to the

exit radius. If the throat area is kept constant and the length of the throat

reduced, its hydraulic radius increases and its shape approaches (in the limit) a

circular throat. Therefore, a curve may be drawn from the star nozzle to the circular

throat on Figure II-7 representing all star nozzles with throats ranging from lengths

equal to the exit radius to a single circular throat. The curve between the star

nozzle with throat length equal to exit radius and the circular throat was assumed

linear. This esgtablished a L/rt of 15.7 for the design nozzle. The length was

Page 8
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VII, Star Nozzle (cont.)

further reduced by 12% to account for the effect of contoured, rather than wedge
sections. The performance of a star nozzle was assumed to be identical with the

annular nozzle, since they may both be approximated with a two-dimensional wedge.

VIII. AERODYNAMIC NOZZLE

The method of calculation of the geometric losses in the aerodynamic nozzle is

described in Appendix F.

IX. SWIRL NOZZI1E

The basic procedure for calculating the one-dimensional performance of a
swirling flow nozzle is given by Mager.* This analysis was programed on the computer,
and the results are discussed in Section II, D, 6. The geometric losses were assumed
to be identical to the bell nozzle losses at the geometric area ratio of the swirling
flow nozzle. For example, a swirling flow nozzle with an effective area ratio of
100:1 and a swirl magnitude of 0.5 has a geometric area ratio of 25 (Figure II-lO).
The geometric losses may be obtained from the Figure 1 bell nozzle curve, and are

2.19%.

A two-dimensional analysis was conducted and is described in Appendix E.

Sufficient time was not available to program this analysis for Phase II.
X. DISK NOZZIE
The disk nozzle was analyzed using an existing computer program in which

contour is input, and performance is calculated using the method of characteristics.

The high losses of this nozzle are shown in Figure 2.

¥ Mager, A., "Approximate solution of isentropic swirling flow through a nozzle,"
ARS Journal, 31:1140-1141, Aug., 1961.
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PART 2 -- GEOMETRIC LOSSES AND OPTIMUM NOZZLE DESIGN OF A BILL NOZZLE WITH
EQUILIBRIUM AND FROZEN FLOW

I. SUPERSONIC FLOW OF A GAS IN CHEMICAL EQUILIBRIUM: DYNAMIC AND THERMODYNAMIC
RELATIONS

A better model of two-dimensional and axisymmetric flow is obtained when the
effects of change in chemical composition as the gas flows through the nozzle are

taken into account.
The assumptions made for the equilibrium composition analysis are as follows:

(a) Equilibrium composition is maintained in the combustion gases throughout

the nozzle expansion.
(b) The flow is isentropic.

(¢) The gases behave as ideal gases.

(a) The propellants burn completely in an ideal plenum chamber at one pressure.

(e) The gases are homogeneous and at zero velocity in the plenum chamber.

In the numerical computation the pressure is taken as the independent variable

and the other thermodynamic variables are obtained as functions of pressure.

We have from thermodynamics that the change in entropy is given by

i

as = dq _ dk + 2 d(i) - Eiiﬁ_
-7 T T P T (BEq 1)
with summation on the 1.
The first law yields
V2
- (%) = am (Eq 2)
with H defined as
Page 10
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I, Supersonic Flow of a Gas in Chemical Bquilibrium: Dynamic and Thermodynamic
Relations (cont.)
combining Bquation 2 and 3 we have

V2 1 1
- d(55) =dB + 5 dp + pa (p) (Eq 4)

Assuming an isentropic flow

ds =0 (Bq 5)
and EBquation 1 becomes'
1
dE + p d(i) =0 (Eq 6)

(It can be shown for constant entropy, equilibrium flow that Hidn1 = 0.)

Combining Equation 4 and 6

2

- d<%5) = 5 dp | (BEq 7)

The sound velocity is defined as

c2 = (%%) :S = constant (Bq 8)

With isentropic flow this may be written in differential form

2 _ dp
¢ = 3p (Bq 9)
or
) 2 .
dp = c“ dp (Eq 10)

Combining Equations 10 and 7

v2 2
- a5 = 3 9 (Bq 11)
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I, Supersonic Flow of a Gas in Chemical Equilibrium: Dynamic and Thermodynamic
Relations (cont.)

Assuming irrotational flow

QE - g =0 ’ E 12
gy ox : (Eq 12)
This enables us to define a potential function @ which satisfies Equation 12
identically
og og
= = = — = Eqg 13
u B ﬂx , vV By Qy (Eq )

The continuity equation written in general two-dimensional form is

0, .0 o) gy -

a_x(py u) + ay(pvy ) =0 (Eq 14)
with

0=0 2-dimensional plane flow

1}
—

3-dimensional axi-symmetric flow

Using Equation 11, with V2 = u2 + v? eliminate P from Equation (Eq 14). First

note that from (Bq 11)

- . B |
ge B30 P * BP0 (Eq 15)
% - _ L
& 588+ B0 (Eq 16)

C

Equation 14 becomes

2 2
g g o 2 og
- X - XY R 5% - = :
( cz)dxx 2 2 ﬁxy + (1 cz)ﬁyy * =3 0 (Eq 17)
? = 5} (Eq 18)
Page 12
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If we set =

u

v

and with the Mach an

Report NAS 7-136-F, Appendix C

f a Gas in Chemical Equilibrium: Dynamic and Thermodynamic

flow angle, then

= VcosB (Eq 19)
= vsin®
gle a defined by

sing = 5 = % (Eq 20)

then the method of characteristics applied to equation (1-17) yields the following

expressions:
g—: = tan(@ -q) Characteristic I (BEq 21)
dy _ N
= - tan(f +a) Characteristic II (Eq 22)
1,dv, 5inG tana sin dy
1. 4v . sing tang sinf d
V@ Tt o S (E@H (Eq 24)
dy _ V¥ M%-1 sin 6 - cos @
I: ax - (Eq 25)
VM -1 cos O + sin 6
j/ 2 .
7. . M™-1 sin § + cos § (Eq 26)
dx
VM®-1 cos O - sin-@
I 1(1+ME)C‘M=__ ! + Qg sin 8 (%) (Eq 27)
cWM D= VI Vo2 g
" M7-1 y YM'-1 ( YM"-1 sin @ - cos §
| MdcdM _ 1 sin © dy

o
yVM2—1 (VMZ-I sii. @+ cos @

Page 13
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I, Supersonic Flow of a Gas in Chemical Equilibrium: Dynamic and Thermodynamic
Relations (cont.)
The presence of the sound velocity (c) in the equations is the main effect of
ineluding the shifting equilibrium. This adds no great complication to the compu-
tation since ¢ can be obtained as a function of Mach number using an existing program

that computes the sonic velocity in a reacting gas mixture.*

* G. Gruber, Calculating the Equilibrium Sonic Velocity in a Reacting Gas Mixture,

Report RM 7345, Aerojet-General Corporation, 26 July 1961.
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II. NUMERICAL SOLUTION OF CHARACTERISTIC EQUATIONS

A, FINITE DIFFERENCE APPROXIMATIONS

The numerical solution of the problem using the method of characteristics
consists of building up a network of points using Equations 25 through 28 Section I.
Consider a I characteristic passing through the points P1(x1,y1,M1,93) with the flow
at P1 known as illustrated below:

4

and the flow at P3 to be determined.

To integrate Equation 25, Section I, along P1P3

X
3
gy = 5 Vn?-1 sin 0 - cos © dx (Eq 29)
Y4 X V m2-1 cos @ + sin ©

1

choose the finite difference form:

I \/ -1 sin Q - cos 9 13

3 Y4 (Eq 30)
= X1 —1 cos 9 + sin 9
13
M1 + M3
with M13 = D)
and (s = 91 i 93
13~ 2
Page 15
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II, A, Finite Difference Approximations (cont.)
Similarly, Bquation 27 is approximated by

“fs" M M_-M sin@ (y,-y.)
13 .dCc, 371 g 13 Y37Y4
I:—-—-BT—(1+E—(EM~)‘—Q"—_'Q——=-1+ .
3 133 3 (\/M2,-1sing + cos o, ) (®37%)
Y13 13 93 13
(Eq 31)
with C13 and (%ﬁ-)13 obtained from the table of C versus M.

Now consider a II characteristic passing through the points P2(x2,¥!,M2,92)

and P3(x ,93) with the flow at P, known and the flow at P, to be determined

3:Y3:M3 2 3

as shown below:

e

The finite difference forms for Equations 26 and 28 along P2P3 are
II: M2 -1 sin © + cos O
: Y3 - Y2 Y3 23 7 ©0% ¥x3
- = (Eq 32)
3 2 —\/633-1 cos 923 - 8in 923
M2 -1 M M_-M in O -
23 23,dC 3772 0 sin S>3 Y37Y2
II: —————— (1 + ==—(==)__) = — ( )
M C,, dM’23” o_-0 0.,-0
23 23 3 72 2 . 3 2
¥53(\/M55-1 sin 0,5 + cos 6,,)
(Eq 33)
Page 16
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II, A, Finite Difference Approximations (cont.)

with M, + M

dc _ .
and C23 and (aﬁ)23 obtained from the table of C versus M,

B. CALCULATING ‘AN INTERIOR POINT

In this section the calculation of a single interior network point is
examined as illustrated below .

P, (Xn) 7’:, M, (9'1)

Flow A (Xs’){‘/MSI&S}

4 r“ho h

PE. (Xr_, Y’L) ML, &L)

In the figure above, assume that the flow conditions at points P, .and P.

1 2

are known and the flow at P, is to be determined. At point P, the direction of the

3 1
I characteristic is given by Equation 30 and the change of M, along this character-

istic is given by Equation 31. Similarly, at point P, the direction of the II

2
characteristic is given by Equation 32 and the change in M and © along it by

Equation 33, thus yielding four equations in the four unknowns x and Q,.

3:¥3:M3 3
The slope of the characteristic is a function of the average Mach number

and average flow angle which in turn depend upon M3 and 93. Therefore, assume an

initial guess and gradually converge on the correct average.

Page 17
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II, B, Calculating an Interior Point (cont.)

Define

3 SN B3

~
[
f]
+
©
g

1 M13-1 cos 91

M, .,-1 sin 913 cos @

2 13 13
> (Eq 34)
3/ 2 .
K3 = M23-1 cos 923 - 8in 923

~
il
q
+
©
~

4 M23—1 sin 923 # COS 53

then Equations 30 and 32 become

(y3-y1)(K1) = (x3-x1)(K2) (Eq 35)
(y3-y2)(K3) = (x3—x2)(K4) (Eq 36)
or
Kiys - Kxg = Ky, - Kxg = Ko
K3vg - Kyx3 = Kay, - Kyx, = K¢
K. - K
5 2
K - K, K2K-6 - K4K5
Thus V3 [ TRl %% (Eq 37)
o R 273 1
3 4
KK -~XK
276 4
X : (Eq 38)
37 KK, - KK

Page 18
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II, B, Calculating an Interior Point (cont.)

To solve Bquations 31 and 33 for M3 and 93, define

2
Gy =\ My3-! /Mzs
> (Eq 39)
M
_ 13 ,dC
Hy= (1 + T, (13
3
M /
23 ,dC
H, =(1 + o0— (==)..)
2 023 dM’ 23
y - y X - X
1 1
F1 = o( 3K ) = o ( 3K )
2 1
§ (Bq 40)
Yy -y x3 - xz
E, = o( 3 T 2) = o( d )
4 3 ]
then Equations 31 and 33 become
: sin.O13
H1G1(M3-M1) = - (93-91) + ‘13 F, (Eq 41)
sin 023
H2G2(M34W2) = (93-92) + Fz (Eq 42)
23
from which
sin 913
sin 023

H2G2M3 -0, sHGM, -0, + ———=F_ =1

Page 19
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I1I, B, Calculating an Interior Point (cont.)

Solving for M3 and 93:

L1 + L2
M, = —— (Eq 43)
3 H1G1 + HZGZ
e 6L, (Eq 44)
3 HG, + H)G,
To start the iteration, assume M13 = M1, M23 = Mz, 013 = 91, 023 = 02, and

N

Compute C13 = f(M13) and 023 = f(M23).

G,, G

b. Calculate K1, Kz, K3, K4, 1 H1,and H2 using Equations 34 and 39.

2’

c. Calculate: X3 and Y3 using Equations 37 and 38.

d. Calculate. P, and Fz (Equation 40) choosing that form which has the largest

1

denominator ,
e.g.,if ‘Kz‘ 7(1(1‘ then F, = —¥—— ¢
2
X3 - X.‘
or if ‘Kl‘ 7’\KJ then F, = —— o

e. Calculate M_ and @

3 3 using Equations 43 and 44.

f. Compare the new M3 with the previously computed M3.

g. Return to step a if the change in M, is too large (i.e.,j>10-5).

3

When the change in M3

the flow at, and location of, P Using this procedure, a complete flow field is

3.‘
constructed point by point.

Page 20
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II, Numerical Solution of Charactéristic Equations (cont.)

C. BOUNDARY POINT

Consider a characteristic point in the:neighborhood of the upper boundary. sol;d

bevn Jury

If the boundary is defined by a continuous function,
it would be necessary to find the intersection of
the II characteristic through P with the upper
boundary. However, in practice, the boundaries are
specified by discrete points with the slope of the

I

boundary at each point given (x, y, © specified). The only unknown at boundary solid
— 0

points is the Mach number. - boundiry

As can be seen from the figure, the
II characteristics passing through A and B do

not necessatily intersect the boundary at the

point P. The II characteristic passing through T
P intersects the I characteristic through A, B, at Q. Since the flow at points A and B

is known, interpolation yields the flow data at Q. Also, Q and P must satisfy the II
characteristic Equations 36 and 42. The basic methéd consists of assuming values

of MP, M_ and © and intersecting the II characteristic passing through P with the

Q Q :
line joining A and B. This intersection gives xQ and yq, which can then be used for
linear interpolation between A and B to obtain MQ and QQ' The variation of M along

the II characteristic from Q to P as given by Equation 36 is used to obtain MP. The

new MP is compared with the previously computed MP'

the successive values are sufficiently close together (i.e., AMP 4:10—5).

Convergence is obtained when

The II characteristic passing through Q and P satisfies Equations 36 and 42;

(YP-VQ)(K3) = (xP—xQ)(K4) (Eq 36)
sin OPQ
HZGZ(MP-MQ) = (QP-QQ) + -—-}-,-'-I;-Q--—- PZ (Eq 42)
Page 21
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I1I, C, Boundary Point (cont.)

= / 2 .
K3 PQ -1 cos G - 8in QPQ
‘K4 \/ 1 sin Q + cos OPQ

with

o = %p*% )
PQ 2
M
CP Q)
Mpq P)
2
. - MPQ ~1
X ,
“pq

o
N
]
=
AB
v

Yo = Vu + L (x,-x.)
Q B xA—xB QB

Page 22
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II, C, Boundary Point (cont.)

X. (]_(.‘l_?“‘\_-ys_.)=y _xB(yA—yB)-y +xpl_(i
Q K3 Xp~Xg B Xp ~Xp P K3
‘ : K Yo~y :
1 4 A’B
X, = 1 Vo = Vg + X, 50— = X_( ) (Eq 48)
Q (_1(_4 T yB) - A 2 *B Xy —Xg
K3 Xy =X
with xQ and YQ determined, interpolate for MQ and GQ
XX
Moo= M+ (=3B, M) (Eq 49)
Q B X, -Xp A'B

x -
6 =0 + (Bycg -0.)

Q B xA—xB A

The iteration can be started by assuming MQ =M, = (MB+MA)=
2
a. Compute C.(M.) and C_(M_).
pute CqiMg) and Cpliy

b. Calculate quantities given in Equation 31.

c. Calcualteﬁb‘u51ng Equation 48 and YQ from Equation 33 unless Xp = Xg,
in which case xQ =X, = Xg and yQ is calculated using Equation 36.

d. Calculate MQ and QQ using equations 49,

e. Calculate F2 using that form of Equation 46 having the largest magnitude
denominator.

f. Calculate a new value for MP using Equation 43.
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1I, C, Boundary Point (cont.)

sin @

PQ
p =Yg * G (9p-0Q) + (F) (===

g. Compare the new M with the previous M If they are too far apart

P P’
(i.e., greater than 10_5), return to a. Using Equation 35 and 42, similar equations

can be developed for a characteristic point in the neighborhood of the lower

boundary.
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II, Numerical Solution of Characteristic Equations (cont.)

D. THE START LINE

The methods for solving for interior and boundary points gives the means
for developing the complete flow through the nozzle if the flow along a start line
immediately downstream of the nozzle throat is known. This start line can be

obtained by using the method presented by R. Sauer*.

4

\\' _Flow

\\"___/S[T::f- Jerc’r,’(;,h

The only problem encountered in using this method in shifting equilibrium

problems is that it requires the ratio of specific heats (Y). However, in the

-neighborhood of the throat, the Mach number is 1, hence pressure and density are

nearly constant. Therefore, assuming a constant Y along the start line should be a

good approximation.

* R. Sauer, General Characteristic of flow through nozzles at near critical speeds,
NACA JUM1147, 1947
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II, Numerical Solution of Characteristic Equations (cont.)

E. MASS FLOW AND THRUST

Using the equations in sections 2, and 3 the characteristic network re-
presenting the flow through any axisymmetric nozzle for equilibrium or frozen flow
can be constructed. Other useful quantities are the mass flow and the total axial
thrust which is composed of the axial momentum flux of the gas and the pressure x area

in the axial direction on the boundaries of the nozzle.

The momentum flux is obtained from

E! _ mMC
g g
with the mass flow rate (m) given by:
R =eAV - PAMC )
m=37 ik 1b/sec
For an elemental area dA
. _ pMC
dm = 143 dA
which in finite difference form becomes:
., pMC
Am + Tz AA

with the bars denoting the average value across the incremental area AA.

AA can be described in terms of the component of area normal to the

direction of flow between two points. The effective flow area between the points

A B is shown below.

Page 26
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II, E, Mass Flow and Thrust (cont.)

AA = (Aycos@-A x sind) 2ny

= [(yB—yA) cosb - (xB—xA) smg] [TT(YB+YA)]

with 6=06,+6)2 and = (yg*y,) /2
e = :
Hence A = g %ZE- (yB+yA) [(yB-yA)cose - (xB—xA)51n9]

The axial component of the momentum at point B is obtained from

= . + . .
om-.xial B Mom axial A AMom axial AB

with

_ O MC . =
AMom'axial AB/sec g o cos ()

Substituting from Equation (50) gives:

p-ﬁz?:z - - —_
AMom'axial AB/sec -TZZE—— (yB+yA) [(yB~yA)cose - (xB-xA)51ne ]cose

Page 27
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I1I, E, Mass Flow and Thrust (cont.)

The thrust because of the pressure of the gas acting on the solid boundary

wall can also be written in terms of radial and axial components.
The axial component

Press. ° Area axial

Faxial=
=P . A cosb

AF P - AA cosé

axial=
== 2 2
wP (yB-yA ) (Eq 52)

Note that P is obtained at each boundary point from a table of P verses M, with M

known at each point.

In obtaining the total thrust of a given nozzle, it is necessary to
integrate the momentum flux and pressure thrust over a suitable control surface. A
control surface often used consists of a curve going along a solid boundary across the

| flow in the neighborhood of the throat and along the other solid boundary.

In the figure,
flux along DE. The sum of

mass flow is obtained from

The divergence

integrate: P-AA along CD, DE and EF, and the momentum
thesé gives the total thrust of the nozzle. The total

integrating mass flow along DE.

loss for a nozzle then may be calculated from

A= 1-E

F1-Dimensiona1

Page 28
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ITII. THE OPTIMUM THRUST NOZZLE

A, INTRODUCTION

G.V.R. Rao gives a method for designing the nozzle contour to yield the
optimum thrust.* The governing conditions are the nozzle length, the ambient pressure,
and the flow conditions in the néighborhood of the throat. The ratio of specific
heats was assumed constant. The mathematical method employed is the calculus of
variation. Lagrangean multipliers are determined and the control. surface ascertained
to be a surface generated by a left rumning characteristic. The method of character-

istics is then used to compute the contour.

Later, Rao presented a method** that takes care of the varying gas
properties associated with chemical reaction occurring downstream of the nozzle.
Because )*is no longer constant, the original method of deriving the Lagrangean con-
stants as well as the identification of the control surface should be re-examined.
In the following we shall show that the equations as given in Rao's earlier paper are
still valid, except that a method to compute ¢ through thermal chemical considerations -

is needed. The method is attributed to Gruber and appears in the work cited earlier.
B. THE VARIATION INTEGRAL -

We want to optimize the thrust

YE szsin( @~ e_) cos 6
Thrust —J(YC [(p-pa) + ~Tn ] 2Ty dy

¢
i th !
wit ﬁ, e
p = flow pressure |
S . T ﬁ -
p, = ambient pressuré )
P
© = flow direction angle
¢ = direction of control surface (not to be confused with potential

function mentioned in Section I.)

* G.V.R Rao, "Exhaust Nozzle Contour for Optimum Thrust,'" Jet Propulsion, June 1958,
377 to 382

** G.V.R. Rao, "Contoured Rocket Nozzle," Ninth Congress of the International
Astronautical Federation, Amsterdam, 1958,
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I1I, B, The Variation Integral (cont.)

The constraints are

Y .
= E ¢ -
Mass flow (known) -jyc pv S:msin¢ ) 2y dy

and

R4

Length (known) = XC +j E cotgp dy
y
C

or

4]
cotgdy = constant
e

Of the five variables pr V. @ 6, p, we shall take ¢, 8 and the Mach number M as
dependent variables and y as the independent variable.

Letting
£ =A[p -p, * pV2 . sin (d;;ng)¢cos 9 ]
£,= by ELE 0D
f3 = cot ¢

and introducing Lagrangean multipliers )‘2, )\3, we have the integral

'E
I =/ Ey *Nhafs o Mgy
Yo 33

Page 30
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I1I, B, The Variation Integral (cont.)

to optimize.

From this we get three equations from the three coeffieients

of bM,d¢p , do:
f1M + )bfZM +)\3f3M =0 (Eq 52)
£+ szz ¢+ >\3f3¢= 0 (Eq 53)
fle + Kzfzo +)\2f39 =0 (Eq 54)

These equations are valid for points on DE. 1In addition, we have the equation

f1+ )‘zfz"')‘ f

33 = 0, atE. (Eq 55)
As f3M = f3g = 0, we have from Equations (52) and (53)
)\2 = f]M = —.‘flg (Eq 56)
/fZM /f
20
Let
/z= sin (@ - Q) cos 0
sin @
then
dp gEVz
£ 2
f1M _ aMm +Jg dM _ cos O dp + v cos O
-cos 0 aM (Eq 57)
=gos © Y +Vcos @ +pV cos 0 I
2 PV
L v,
Cz ap
Page 31
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III, B, The Variation Integral (cont.)

Now
VdV=-ldp
P
Hence
ﬂ:-?
PV &
Next,
2
= _ B ® eV
& = VaV, or Vgp 2
Cc C
av. ] _ 1
vV , o 2
PV o ev® o p v
Cz
- 1
p(1-M2)

Substituting Equations 58 and 59 in' 57, we have

£1m _Vcos 01 -L£

— = + V cos ©
2M M2—1 L

On the other hand
f1

20

Hence, from Equations (60) and (61), we have

cos © Q sin @

Mz_ ] Sin (@ - Q) cos ©

— = V cos © +V tan (¢ - ©) sin ©

) = tan @ - O) sin ©

(Eq 58)

(Eq 59)

(Eq 60)

(Eq 61)

(Eq 62)
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111, B, The Variation Integral (cont.)
By definition,
sin g = l,
M
Therefore Equation 62 reduces to

tan (¢ - Q)

tan £ ¢
or
_0=:¢

As CDE is crassed by streamline, ¢ > 9,

¢=0+a
This says that DE is a left running characteristic.

Now by Equations 61. and 63, we have

_ cos (6 -a)
A 2 =7V =% a

and this is valid for points on DE.
From Equation 53 we obtain

2 . 2
)\3=-pVytanqsm *)

Page 33
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III, The Optimum Thrust Nozzle (cont.)
C. THE COMPATIBILITY EQUATION

In Rao's paper published in June 1958 in Jet Propulsion, the compatibility

equation for constant Y is

dao _aM VM2 1 + sing sin ©
dy

dy [ Y- 2 1] Yy sin (@ *gq) °
2
In his Amsterdam presentatibn, this becomes
d0 cot @ 4V sin @ sin O
- —— — . = .
ry V dy vy sin (0 + @ 0 (Eq 66)

whete no x appears.

This form can be derived fram

dp +dg+s%nm §in09_x=0
pV tang sin (6+ @ vy

given on Page 257 of Rao's work.. Our job is now to show that Equation 66 is ‘satisfied
for points on DE. We shall start from
Vcos (0 - @)

)\2 = - o a (Eq 67)

A

2 . 2
3 pv y. tan & sin © (Eq 68)
Take logarithmic differentiation of (3.3-2)

P 0= d[nV + [tan a+ tan (@ - @)] da - tan (0 - @)de (Eq 69)

Page 3k
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¢

III, C, The Compatibility Equation (cont.)

sin ©

+ - =
Now tan g+ tan (9 a) cos @ cos (0 =0

« »Equation 69 becomes

cos(@ - @ _da sin (0 - @) -
—ine ¢V T oeE sin O 4 =0 (Eq 70)
Taking the log differentiation of Equation 68
0=dinp +2d1nV + d lny + ——3& + 2 cot 0 dO
sin @ cos @ (Eq 71)
Now
V2 1
d 3% -5 dp Bernoulli's equation,
- . 1 4 2
vav = - = ZE = - C% 1n
pap ¥ P
or vZd 1nv = - ¢2 d 1np

.
.
=
fo
=3
<
1]
1
[=H
[y
o]
©

Substituting in Equation 71

d a

0= Mzd InV + 2d 1InV + d 1lny + —
sin @ cos @

+ 2 cot @ do

or

da
sing cosgq

(2-M2)d1nV+d1ny+ + 2 cot©de =0
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III, C, The Compatibility Equation (cont.)

. 2 2
Now s . M2 =80 ¢ '2' €S & we have
sin" @
‘n2 a o 2 a da
21 ~£08 d 1nV + d 1ny + — g +2cot9do=0
. 2 sin @ CcoOs @
sin @
(Eq 72)
¢ sin” g- cos @ . , da .

e o T 2 d 1nV + sin d lny + + =

~in o a y Tos & 2 sin gcot O dO 0

Equations 70 to 72:

os (O ) sin2 o) 2
cos (9 - a) Q- €08 gy 4 inV - sin g d lny

(= sin © sin @
sin (0 - @) .
- + =
[ <in 2 sin @ cot 0] do 0 (Eq 73)
Now
., 2 2 . )
cos (0 - a)_s:.n @ - cos’g _cosa s:.n(9+g,)

sin @ sin ¢ sing sin. @ -

Next,

sin (@ - &) + 2 sin @& cose___sin (0 +4q)
sin © sin ©

74 is then reduced to

: i +
M—ta—) dinV - sin & dlny - 522 CI a).
sin O

cot&
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i1I, C, The compatibility Equation (cont.)

sin @ sin @

ot de - cot qgdinv +"s'in CE)

dlny = 0

49 - cot g ,dVV‘_sz.na sin © dy _.

sin@ray y O (Bq 74)

e e ek ok e e ke e e ok ok kb ok

The possibility of deriving Bquation 74 from the constancy of ,.}\2, ',\_3 along DE
givés us the assurance that the assumptien of constancy asz, )\3 -is mathematically

sound ahd physically compatible.
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Iv, COMPUTATION OF THE OPTIMUM THRUST NOZZLE

A. INTRODUCTION

The following is concerned with implementing the optimum thrust nozzle

design equations given by G.V.R. Rao. The equations are modified to place them in

a form more suitable for computation.

Equation 67, Section III, can be written as

N MC cos (974 )
2 cosa

MCl:cose cosd + sine sina]

cos@
which is further simplified by using sing = 1/M from which
_ M2_1
cosq = M

SN o MC [VMz—l cos6 + sine]

Equation 68 becomes

b
I

VPV2 sin2 0 tang

yP M2C2 sinze
v Mz-l

Bquation 14 of Rao's paper on the contoured rocket nozzle is

P -P'a
sin2© =1 3 cotd at E
z PV
or
.2(Pe—P.a) '
gin26 = 5= cota
p M“C
Page 38
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1V, A, Introduction (cont.)

Equation 3 of Rao's paper gives the length of the diverging section:

E .
L = X + cotedy
C
E
= Xo f cot( ©+a)ddy
C

e
_ cot O cotg - 1
= Xt f cot U + cotg dy

e

y .
j‘e V M2-1 cot® -1t

(Bq 78)

C e
Y cotB + M2—1

C

If Equations 75 and 76 could be solved for M and 6; they would be expressed as
functions of y. and ‘hence could be substituted into Equation 78, which in turn could
then be integrated to determine L. Unfortunately, solving Equations 75 and 76 for
M. and @ analytically is difficult because of the tabular functions p and C.  They
are therefore solved pointwise by using anumerical iteration scheme. This requires

that a numerical scheme also be used for integrating Equation 78.
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IV, Computation of the Optimum Thrust Nozzle (cont.)
B.  THE NOZZLE LENGTH

At each interior point C the values of A 2 A 3 can be computed using
Equations 75 and 76. These values of )\2, )\3 then determine a control surface as
Ny Ay

of mass additionally define an unique optimum thrust nozzle.

are constant along a control surface. Equations 77 and 78 with conservation

L is computed using Bquation 78 with the initial point of integration

(x ) known. The integral is computed by subdividing the interval C-E into small

C’YC
subintervals and accumulating the contribution in each subinterval. Let a subinterval

be between the point A, B as in the figure below. 8

FLOW

A AX

From the figure, the length of the nozzle to B, by Equation 78, becomes:

B
_ V Mz-l cot 8- 1 )
Xg = X, o+ dy
A cotf + VMZ-'I

Using average values of the variables across the interval AB gives

2
V MAB-I COt(eAB) - 1)

cot(eAB) + UM, _1

x, = x, + ( (YB-YA) (Bq 78)
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IV, B, The Nozzle Length (cont.)

Choosing Ay = Y = constant, determined from the size of the nozzle, we can solve

B YA

Equations 75 and 76 for eB and M_ using the Newton-Raphson Method for use in

B
Equation 78 and hence obtain Xo- This process of incrementing y, solving Equations 75
and 76, and integrating Equation 78 forward one step is continued until y = Ve

C. M AND © ON THE CONTROL SURFACE OR EXIT CHARACTERISTIC

The Newton-Raphson iteration method is used for solving Equations 75 and
76. This method is used because it converges rapidly when good first guesses are
used for the variables. 1In this case, with fine spacing, M and 0 at the previously

determined point will be close to the desired M and O.

The Newton-Raphson method is derived from the Taylor's Series expansion

of a function of two variables.

6f(xk,yk) af(xk,yk)
0 = f(x,y) = f(xk,yk) + (x—xk) ——-%r;———— + (y—yk) 5y +

Gg(xk,yk) ag(xk,yk)
0 = glx,y) = g(xR,yR) + (x—xR) — e * (y—yk) 5y +

f(x,y) and g(x,y) are set equal to zero since we desire the x and y which satisfy

the equations.

Truncating the series and letting

Ax = Xee1 ~ Xk and Ay = Yie1 ~ yk’
we have £(x,y, )+ Axf (x,y ) + Ayfy(xk,y,) = 0
g(xk,yk) + Axgx(xk,yk) + Aygy(xk,yk) = 0
which is a pair of linear equations in the unknowns Ax and Ay.
Axfx + Ayfy = -f f,g,fx,... all evaluated
Axgx + Ang = -g at X0 Yy
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IV, C, M and O on the Control Surface or Exit Characteristic (cont.)

which upon solving gives

- A
Ay = u
fygx - gyfx
fg - gf
bx = gl
ygx gy x ?
Veer = Y A
Ve = X + Ax )
Thus in our case, let
gM,8 ) = )\2 + MC |cos® + sin ©
2
m -1
22 .2
fm. 8) = \ . ypMC sin“0
? 3 .
M2-1

differentiating with respect to M and 6 ;
-—5a = - MC sine - ____COSe

& T 20 5
V-

(Eq 79)

(Eq 80)

(Eq 81)

(Eq 82)

(Bq 83)

MZC sin e

(Eq 84)

(Eq 85)

fe - of . Yf MZC2 sin2 @
M2-1
_ dg_ sin 0 ° sin© dc
gM'B_l\%'C cosG+T-+Mcose+ Z—-(d-i)~
M -1 m -1
s {(c + M5 o) (VP cos O+ sinb) - M2c sine}
(m“-1)
. 2 2 2
£ - af=y51ne ng-g--#ZpCzM . ZPMZCdC yPMC81ne
M oM 2 M M2-1)°
M1 -
2
_Mcy sin” @ (MC(—-— + zp(—) + pc<'i’-5-‘3-)}
V M2-1 M -1
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Iv, C, M and O on the Conttol Surface or Exit Characteristic (cont.)

Note that dp_ and 29 are obtained from the tables p (M), C(M) using numerical

daM dM
differentiation.

gfy, - fg

Ae = 7 M - M f

0 Bm €g M

fg - gf

AM = 3 0
f.g., - g-f
6 "M O'M (Eq 86)

ek+1 =0 x ¥ 20

Mk+1 = Mk + AM

From given first guesses for M and e, calculate f, g, f(), gQ - fM and En- With
these values calculate A® and AM from which are obtained new values for M and © .

This process is repeated until the change in M and 0 is negligible.
D. FINDING THE EXIT POINT

The integral for nozzle length is computed until the exit point is reached.

The exit point is determined from conservation of mass flow.

Y

X

Acccrding to the above figure, the total mass flow through the area from A to B must
also pass through the area from B to E. Because we have built the characteristic

network, point by point, to get to point B, we can integrate the mass flow between
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IV, D, Finding the Exit Point (cont.)

A and B by summing repeated applications of Equation 50. The mass flowing between
B and E can be obtained by the same method. In integrating the mass flow,we have

to interpolate on x and y to obtain the true exit point.

O

C

Assume that in integrating from C to D we pass over the mass balance point E, then

denote the mass-flow rate between A and B by mAB' between B and E by lilBE, etc. Then

mBD = mBC + AmCD Am from Eq 50

m‘,AB < mBD therefore Mop - Mg > 0

mAB > o therefore Mpe - AR < o

a4 m o
25" "5 T
OF/Mge ~Mu
% 7 75 —/
h"\ - .
& MA;

Then from the figure

‘b Y _Yp"Ye _ Y~V _ YD

B Mpp - Mgy Mpg - Mgy Mg -~ fgp
Page 4k
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1V, D, Finding the Exit Point (cont.)

Myp - m

BD
Therefore Yg = Yp * T Up- yC) | (Eq 87)
m m
AB BD
and Xg = xp + a (yD - yC)

I4¢eration is necessary to obtain the correct x_, as the mass flow does not vary

E
linearly from C to D.

E.  COMPUTATIONAL PROCEDURE (Summary)

In this section we will assume that we have an iq;erior point having
[

coordinates (x_,y ,M_©6 ). Denote
PP p

’

the integrated mass flow from A to P by m,,. NOIE: m,, < 0. At the point P the

values of xp,yp,M ,9 p are known and therefore interpolating in the tables for

[28

p

cC, p, - and %% , yields the values at point P.

sh1ep

5 - MC cosep + >
VMP -1

2 . 2
N - Vp PMPZC sin OP
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IV, E, Computational Procedure (Summary) (cont.)

Choose Ay such that it is approximately one-fourth the average Ay used in computing

the grid upstream of point P; then

+ Ay

Yp1 Yp

Now we can compute MPl and ePl using Equations 80 through 86. Use N&) and GP as

first guesses for M;(z) and © I(’g):

= )\ + C 6 +
8 2 Mp1 [ cos¥py
Vi 2-1
P2 sin2 ©
Ypy "Mp C sin Ty

3
\/Mlzn“1 ’
cos ©
ge =—MP1C [sinepl- ————P—l ]
>
Mpy-T

2 in2 6
P Ypy P Mpy 8120 oy
6 _‘/z
Mpl‘1

L dCy 2 _ 2 5 5 .
By 372 <(C*Mp1)('&N')(MP1“)("\ /MP1-1 cos® ; +sinb ; )-M.C s:mepl>

o2, -1
. 2 2
M'P Cy,, sin 0 - M -2
_ P17P1 P1 dp dc P1
fy = > Mp Cl@r )+ 2P * PC(35 1)
Mpy - 1 ' Mp1-
where C d and dac are all taken from our tables at M = ; then
17 P ? dM d-M o o - MP]-'
A 0 = ng - ng
fe By ~ ge fM
f - f
wm - e Fe
fotu ~ Egfy
a1 (O
Mpy© = Mp ¢ OM

D _ (0)
05,7 = Gpl + A6
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1V, E, Computational Procedure (Summary) (cont.)

Return and calculate g, f, etc. until AM and 4 0 are less than some predetermined

allowable error.

e . .
Now-that YPl’ and MPl are known, we can calculate xPl using

- P1
Bquation 78.

\(Fz 0
. i i oy P1_1 cot( PPl)-lj
p1 » * >
cot( ePP1)+ M PPl_l
with
S T 3%
MPPl - 2 ’
6 0
9 e R !
PP1 2

The mass flowing between P and Pl is given by Equation 50

. T .
A 777 P Mppy (py*Vp) [ aY ‘f°se Ppl‘("pl'xp)smerpl ]

with |
C. + C
=  p+p1l = _ P~ “p1
P = — and C 3

TherefOre, the mass flowing. between Pl and the upper boundary is

—m=-(Am+mAP)

Increasing y by Ay and repeating the above process for Pz, P3, P4 will eventually
make h > O. At that point we have passed the exit point and hence must interpolate
for the coordinates of the point which makes m = O, There are obtained from

Equation 87

_ . _aB""BD ( ,
Ye T Y Am Yp V¢
X = X + —TA—B.——HEQ— ( - )
E D Am Yp V¢
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b
IV, E, Computational Protedure (Summary) (cont.)

Once points on the exit characteristii are known, along with the total
mass flow passing through the atea AP and PE, it becomes a éimple matter to generate
the nozzle contour itself. By repeated applications of the equations for generating
interior points, we can géherate the characteristic network in'the region AP and PE.
Points on the nozzle contour are obtained by integrating the ﬁass flow along each
characteristic and intcrpolafing for the point where the total mass flow between P

and the point;is a constant,
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SYMBOL LIST, PART 1

throat area, in.

geometric loss parameter

vacuum thrust coefficient of a nozzle with geometric losses only
one-dimensional vacuum thrust coefficient
gravitational constant, 32.2 ft/sec2

length, in.

Mach number

weight flow rate, lb/sec

unit vector, outer normal to S, number of throats
pressure, psia

radius of equivalent circulary throat = At/TT
radius, ft

control surface

gas velocity, ft/sec

half-angle of cone and wedge nozzles,®

area ratio

ratio of specific heats

density of gas, 1b/ft3

Mach angle, sin—l l/M

Prandtl-Meyer angle

Subscripts

chamber
exit
. .th
designates 1 control surface

lip of base
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SYMBOI, LIST, PART 2

¢, C sound velocity, ft/sec
E interal energy, Btu/lb
thrust, 1b
H enthalpy, Btu/lb
n mass-flow rate, lb/sec
M Mach number = %, (=)
ni number of moles i'th constituent
P pressure, lb/in2
s entropy, Btu/l1b
u,v component velocities in x, y directions, ft/sec
v flow velocity, ft/sec
X,y cylindrical coordinates x = axial, 'y = radial, in.
a Mach angle : sin @ = %, (=)
Y ratio of specific heats, (-)
e flow angle u = Vcos 0, v =1V sin 0, (-)
PT partial molar free energy i'th constituent
P density, 1b/£t°
Ps wall radius upstream of throat, in.
c = 0, 2 dim plane, = 1, axi-symmetric flow, (-)
"] potential function, ftz/sec
Subscripts
a ambient
e exit
p value of variable at point p
PQ average of value at P and at Q
t throat

Page 50




S9T7ZZON 93poM TBUOTSUSWTQ-OM]T,
pue ‘Snid ‘uoT3o97J3(@-PId304 ‘TT9d ‘2U0) IOJ SISSOT DTI}UWO0ID

0T3Ey ®ody 3P4

Figure 1

Report NAS 7-136-F, Appendix C




9T2ZON YSTIQ IOJ SISSOT OTI}IWO0IH

olivy YIIY

Qo OWN.O

0€'0

935

Figure 2

S5¢0

Report NAS 7-136-F, Appendix C

10,
2
8
2.
6
5
4,
3
2
1




Report NAS 7-136-F, Appendix C

Performance of a Conical Nozzle

Figure 3
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FIGURE LIST

Effect of Expansion Ratio on Performance Loss P, = 1000 psi
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I. PROPELLANT SYSTEM

Propellant systems that contain a metal additive such as aluminum have
solid or liquid particles or both in the exhaust products. The specific com~
position of the particles will usually vary. This variation is not of significance
in an aluminum system except at particle contents above 30 to 35% (by weight) of
the exhaust flow. In this slope range of particle content, the aluminum system
will usually tend to increase its particle content through condensation or by
chemical reactions of other species which do not appear in significant quantities
at lower initial concentrations of aluminum (Al, Al/liquid, Al,0 and AlN/solid).
The propellant system investigated was Neou/Aerozine 50 and an aluminum additive.
The amount of aluminum introduced into the Aerozine 50 produced weight percents of
particles in the exhaust products of 18.9%, 33.8% and 41.2%. The identity of the
oxidizer and fuel components is improtant only as the oxidizer and fuel affect the
ratio of specific heats of the gas. For a specific particle content, size, com-
position, and nozzle, the net vacuum performance loss is affected only by the ratio
of specific heats for the gas. By varying the initial particle content with no
change in the overall oxidizer to fuel mixture ratio, the effective mixture ratio
changes considerably. Consequently, the effective ratio of specific heats of the
gas can vary significantly. This variation in effective ratio of specific heats

leads to some anomalies in the data presented in Figure 1.
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11. PARTICIE LAG ANALYSIS

The magnitude of the thermal and velocity lags in the gas particle exhaust
system and the resultant performance degradation are functions of the specific
nozzle to be used as well as the inherent properties of the particles and gases.*
A one-dimensional flow of a thermally perfect gas and constant gas viscosity is

assumed in this program.

The assumed mathematical behavior of the particles in the analysis program

is that the particles: (1) have negligible volume, (2) have no partial pressure,

(3) vecome a supercooled liquid below their fusion temperature, (4) are not permeable

or porous, (5) do not change their chemical identity, (6) have a heat transfer co-

efficient that is a function of the gas Reynolds number:

K

x
g 0.6 0.33 |
n = =£ | 2+0. R c_ /K Eq 1
5 31 (R ) (B, /K | (Eq 1)
o g |
and (7) a drag coefficient, Ch, that is a function of the Reynolds number:
s << =
0% R = 0.1, Ch zu/Re
0.1<5 r <X 2000 Cy = 3-271 - 0.8893 1n (R) (Eq 2)
2 3
+ 0.034117 1n (Re) + 0.001443 1n (Re)

In addition to these general assumptions, the program is limited by restric-
tions that: (a) do not permit consideration of a particle size distribution, and
(b) allow only one particle substance of constant properties. Also, the nature of
the mathematical formulation prevents the evaluation of performance with particles
of zero diameter. This latter restriction affects the validity of computer program
results as the particle size becomes very small in relation to the nozzle size; in

fact, Equation 1 becomes indeterminate at zero particle diameter. Since the

* The mathematical formulation of the two-phase flow analysis program is presented
in Glauz, R. D., "Combined Subsonic Supersonic Gas - Particle Flow," ARS Preprint
No. 1717-61, April 26, 1961
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II, Particle Iag Analysis (cont.)
definition of ideal performance is equated to performance with particles of zero
diameter, it becomes necessary to use an independent approach to evaluate the ideal

performance, which is defined as that performance value realized when no velocity

or thermal lag exists.
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IIT. IDEAL PERFORMANCE

The method used to obtain ideal performance is that presented by M. F. Diels.*
This method makes use of the same assumptions as the two-phase flow analysis program,
and within these assumptions of one-dimensional, frozen flow (constant ratio of
specific heats), this method makes no approximations, and is exact. Basically the
method presented by Diels involves determining an effective ratio of specific heats
(Ecuation 3) from which the Mach number of the gas may be computed by employing

one-dimensional, isentropic flow relationships.

Y (effective) = N = \:1_ ».?_ {_%_-Tl_%-l -1 (Eq 3)

Y
m v )2
where 7 = velocity lag = 1 + 12- -2
m v
g
m v
Y = velocity lag constant = 1 + EE VR
g g
m ¢ (T, - T)
and, W = temperature lag constant = 1+ TR EBB TT—_—:_—TET
Mg rg oc g

In calculating the ideal performance (no thermal or velocity lags), these

expressions reduce to:

_ -1
A a5
W )
m
7z = l+-—-E = y
m
g

% Diels, M. F., "Performance of Rocket Nozzles with Gas-Particle Flow,"
Aerojet-General Corporation Technical Memorandum No. 136SRP, 20 May 1960
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III, Ideal Performance (cont.)

/ m . C

and W = 1+ 2| 2R
o c

\ 8 Lpg

Sonic velocity at the throat is calculated in Equation L4.

L/ 1/2
(Vt)g - HNI-EJ.} (';L'r') (2 Rg Toc)

Gas-particle velocity at the exit plane is found by Equation 5,
v =V M¥
( gp) e tg

and specific impulse may then be computed by Equation 6

I, = Y fhy (vgp)e + A (Pe - Pa)/(mp + mg)

Page 5
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Iv. RELATIVE PERFORMANCE

The simplifying assumptions mede in the computer analysis program and ideal
performance formulations concerning the nature of flow result in absolute values of
performance and performance loss that are not a realistic approach to the problem
of making quantitative performance predictions. Data resulting from this investi-
gation has been prepared primarily in the form of proportionate loss factors. These
factors may then be applied directly to equilibrium-flow, thermochemical predictions

of vacuum specific impulse to compute absolute performance.

The assumption of constant particle identity is, of course, not made in using
the thermochemical calculations, because it is assumed that there is chemical equili-
brium. However, the difficulty is minimized by assuming the particle composition
and content that are predicted for the throat region using the thermochemcial calcu-
lations exist throughout the nozzle, because this is the area where particle effects
are most severe. This approach is used in lieu of a more exact method of analysis,
which would involve the direct use of equilibrium-thermochemical procedures in the
particle flow analysis. Computations of this nature are presently beyond the state

of the art.

V. PROPELLANT AND NOZZLE PARAMETERS

The ratio of specific heats of the gaseous components of the gas and particle
system investigated was approximately 1.2:1. All calculations were made with a
chamber pressuré of 1,000 psia and vacuum exit conditions with a conical nozzle
having a 15° divergence angle. Upstream and downstream blend radii were 2rt and
O.Ert, respectively. Several particle sizes were investigated: primarily 2 and
5 micron dia, but the L41.8% particle content case was investigated also at 8 and
11 micron particle dia. The effects of nozzle size and expansion ratio were also
investigated. Three discrete nozzle sizes were used to give a wide range of infor-
mation. Throat radii of 1.0, 7.5 and 15.0 in., and expansion ratios of 12:1, 20:1,

30:1, hO:l, and 50:1 were selected for specific investigation.
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VI. GENERAL DISCUSSION

The most difficult factor in the prediction of performence degradation caused
by two-phase flow is the selection of an effective particle diameter. Since the
resultant loss factorsvare extremely sensitive to the particle size assumed, this
selection is critical. Numerous attempts to meke an accurate determination of
particle sizes and their distribution have been generslly unsatisfactory. Infor-
mation concerning solid rocket motors indicates that the size of the particles in
the exhaust stream may not depend on either the 1initial size of the metal additive
or motor size, although there is evidence of some size dependence on chamber pressure.
The primary controlling function of particle size appears to be the propellant system
itself rather than any engine parameter. Experiments on the pentaborane/hydrazine
system, for example, resulted in particle diameters of 0.03 to 0.1 microns.* Particle

diameters of this magnitude produce no discernible lag effects and the system behaves

essentially as an ideal gas.

It is not cléear whether or not particle size changes along the nozzle axis
Oor whether the change is an increase or decrease in size. Measurement devices
have generally been some physical collection technique downstream of the exit plane .
A technique of this type disturbs the system being sampled. The extent of this
disturbance and its effect on the results is not known. The result of these attempts
is that accumulations of particles have been sampled whose mass mean diameters are
about 2 microns (in systems which utilize aluminum as an additive). The aspect
that makes the particle growth factor important is that the performance loss is
most sensitive to particle size in the throat region. Consequently, even knowing
the particle size distribution at the exit plane or beyond, does not necessarily
tell us accurately about particle size in the throat region. The size of the
particles to be expected from a liquid rocket engine is also unknown. However,
it has been assumed that a 2-micron particle dia will adequately describe a system
whose particles are primarily aluminum oxide. The data presented in Figure 1

makas this assumption.

* Hoglund, R. F., Ssalars, "Expansion Nozzles for Gas-Particle Flows,"
Aeroneutronic Technical Report C-1232, 20 April 1961
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VI, General Discussion (cont.)

Evidence also exists that the particles may be porous. Such porosity would
tend to compromise the validity of the lag calculations. There is little evidence
to support the belief that such porosity exists in the throat region if it exists
at all. If evidence sufficlent to warrant a revision of the Jata appears, the
difficulty could be easily circumvented by assuming a different effective particle

diameter, or by a recalculatlion using a modified particle density.

Generally, performance efficlency decreases with increasing particle diameter,
decreasing expansion ratio, decfeasing throat area, and increasing particle content
to some minimum point. It has been established that contraction ratio, convergence
angle, blend radii and effective divergence angle will also influence the losses
from two-phase flow. Previous works* have indicated that an effective divergence

angle between 20° and 25°, and blend radii of about 3xr, are about optimum to maxi-

t
mize specific impulse for a 5K-1b thrust solid rocket motor. These values are

approximate and depend upon the propellant and nozzle parameters used.

The specific contour of the nozzle to be used is a significant factor in
determining the losses caused by a two-phase flow. These losses can be classified
into two distinct areas: (1) losses caused by particle size and quantity that
result in thermal and velocity lags, and (2) losses caused by the contour of the
nozzle. This second group of losses should not be confused with losses normally
referred to as "geometry losses” that is, divergence loss. Two-phase geometry
losses are incurred in addition to the normal divergence losses. A concial nozzle
of the same length and expansion ratio as a bell-shaped nozzle will generally
experience less two-phase loss than the bell nozzle. This is because the initial

divergence angle of the bell nozzle is greater than the conical nozzle, which

* ibid., Hogland, R. F., and Saalars
Ditore, M. J., Haigh, "Minuteman Nozzle Contour Development Program Phase I
and Phase II," Aerojet-General Corporation, Technical Memorandum No. 158 SRP,
27 February 1961
Kliegel, J. R. Nickerson, "Flow of Gas-Particle Mixtures Through Axially
Symmetrical Nozzles," Space Technology lLaboratories, TR-60-000-19286
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VI, General Discussion (cont.)

by the ratio F/P,. There is some question as to the validity of F/P, as an exact

theoretical parameter that can be used to describe the relationship of particle

size and nozzle size to performance, because F/Pc varies as a function of expansion

ratio and is not a measure of throat size alone. However, the effect of this
inexactness is slight in view of the indeterminacy of the particle diemeters. Until
such time as an effective particle size is definitely known,

the use of F/Pc as a
relative size parameter should be adequate.
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LIST OF SYMBOLS

i
A Area (in.g)
CD Drag Coefficient .
Cp Specific heat at constant pressure (fta/secg°R)
Dp Particle diameter (microns, ft) m
F Thrust (1b) '
G Particle content/%
L heat transfer coefficient (ﬁ?ﬁ) '
I Specific impulse (sec)
Kg thermal conductivity (E%) '
m mass flow (1b/sec) .
M* Mach No. referred to throat conditions
N effective ratio of specific heats I
P Pressure (lb/in.g)
R gas content (ftg/se02°R) .
r, throat radius (in.) .
Re Reynolds Number
I temperature (°R) '
K velocity (ft/sec)
aresk Notation l
Y ratio of specific heats .
& expansion ratio
e density (slugs/ft3) l
//7 gas viscosity (lb-sec/fte) '

'

Page 10
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LIST OF SYMBOLS (cont.)

-

- e T

Subscripts

a ambient

c chamber

e exit plane
g gas

p particle
t throat
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I. SUPERGONIC REGION

The swirling flow nozzle, as applied, is relatively new, and unlike the plug
and expansion-deflection nozzles, adequate analytical techniques for treating it
have apparently not yet been developed. Mager¥* has analyzed this type of flow for
one dimensional axial flow, neglecting the radial component of velocity. The prob-
lem has been reformulated to include the radial velocity component and to develop
the characteristic equations to permit a better performance estimate to be made.

The analysis is summarized below.

A, THE POTENTIAL

We shall assume an irrotational flow through a nozzle with swirling

flow. Cylindrical coordinates are of course most appropriate in this case.

r v
; R 1
—-——G\QJQQII - - — x"u
Z
6,w
Define a potential function so that:
b Yo
or ri® r
Irrotationality:
T o= 0: DY AW _ 52U 9V _o W 3W.op
VXV =0 9% ) x O’gr ) X % Je 7 6

* Mager, A., "Approximate Solution of Isentropic Swirling Flow Through a Nozzle"
ARS Journal, August 1961

Page 1
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I, A, The Potential (cont.)

= dpu dpvr dpw
V.7 =0rg— * 5 * 3x = O

Euler's equatilon:

dp = -—%d (u2+'v'2+w2)

From these we obtain/the differential equation of the flow:

2 ;
2\ 2 @ ¢
¢ ¢ 6 00.
l-—-’a‘/"xx*l-% bt |1 -T2 z
. & a ra r
¢ ¢ 4\ ¢ o ¢ 2
-2-3-26—“’1'9-2%—" Pgr-2 X7 ¢+ = l+j2-ef2-=o
r a Tr a a r a
where
¢g°
2 2 Y-l (g2 2
8 = at -r'e— ¢r+—-r?-+¢x

If the flow is such that 9g, ¢ o end ¢r do not change with @,
then Pgg = [ <6 = ¢ % 0, and the equations of flow reduce to

- 92 ¢ ¢ e
{l X)¢XX+(1_.2%_2_)¢H7?_.E§£_ ¢Xr+;¢;5(1+;,;§§¥)=0 (Eq 1)

a a a Ir a

This flow has a circumferential velocity %; ¢e= ® besides the axial @ x - u
and the radial ¢ r = V. In the so-called axially symmetric flow, the flow

properties are the same in ell meridian planes passing through the axis of
symmétry. In each of these meridian planes the flow is two-dimensional, and there -
is no flow crossing the meridian plane (i.e., ¢e = 0).

In our cake, as described by Eq 1, there is for each meridian plane a component

flow velocity normel to the plane.

Page 2
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I, A, The Potential (cont.)

A typical velocity profile

for one station of the axis is
shown in the sketch to the
left. The flow is not axially
symmetrdc in the usual sense.

As far as speed is concerned, there is no difference caused by © » 80 ‘our flow may
be called a scalarly axial-symmetric flow. ’

Let us now obtain a preliminary determination of # . First because

%00 = O
¢9 = f (x,r)and ¢ = € f (x,7) + g (x,7).
Next,
0 = ?xe - ¢9x N fx (x,7)
S f (x,r) = h(r), no x appearing
Finally,
0 = ¢ r e = ¢ r = hr(r)
Sh(r) = 1(1 = a constant
and
¢ = K, 0 + g(x,r) (Eq 2)
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I, Supersonic Region (cont.)

B. THE SIGNIFICANCE OF Kl

Our flow is different from the usugl axial-symmetric flow simply

because of the presence of K.L

Since

we have

Let us confine out attention to a nozzle. Iet R(x) be the wall radius at Station X.
I
Then the corresponding circumferenctial velocity at the wall is K__L/R(X') and we can

denote it by - w(x).

w(x)R(x) = Kl

In particular, at the throat area,
. = 4 P X = " R .
K.l'nu “*('X)R (X) wma.x min
This gives us a method to determine the constant Kl. Kl is called the swirling

magnitude of the flow.

The velocity of the flow is given by

® 2 K ©
2
v2 = U +v +—£2-=U2+i2-,U2=.‘-‘u2 + ¥
T r
Now
2, L1 Kk 2 2
= Y-1 (V. Y-1_ p I 2| 1 Y-1
P pt [l > (a ] = N 1 5 02 + =
t 2a T
t
It follows that r can not be arbitrarily small as
2
Y- (2.0
p 2 ODem—ml » ) + =
2a r
t
Page 4
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I, B, The Significance of Kl (cont.)

Hence, there exists a void of radius T in the flow.

-1
2 r Ki

2
r =
o) 2 x11.2 2
ay 5 (u™ + v)
Note that
2 -1 2 2 2 -1 2 J 2
at -Y"—e—(u +v)=a,+Y2w 28.,

so ro (x) is real, and exists as long as K_L exists.
C.  EQUATIONS OF CHARACTERISTICS

Because @ = Kl 0 + S(X)r)’

X x T T XX pro rr grro
¢ xr = Sxr’ ¢9 - Kl
Eq 1 becomes
2 2
g 2¢g8g 1-g g / X
1-—%| g -—&% g + | 5|6+ =i+
2 XX 2 XT rTr T ﬁ‘ 2 2
a a a T a
If we let
g 2 g8 g 2
A= 1.5, B=Z2Z, C=1-—-,
a 5 |8 a
-g K
D = e 1 + 1
r 22
r a

then Eq 4 becomes

A + 2 + =
gxx ngr csr D
we have also

d.xgxx + d.rgxr = dgx

+ 4 = 4
d'xgxr rgrr gr

Page 5
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I, C, Equations of Characteristics (cont.)

Solving for gxx’ gxr’ grr:

D 2B C A D C 2B D

dg dr 0 dx dg 0 dx dr dg
X X X

dg dx dr 0 dg dr S04 dx dg
T r : r

€xx ? Byr” » By

A 2B C D D

ax dr

0 dx ar

Putting the numerator and the denominator of - at zero,

2 _ oBdxdr + c(dx)2 =0 (Eq 5)

A(dr)
Adrdgx - Ddxdr + Cd.xdgr =0 \ (Eq 6)
If we eliminate A from Eq 5 and Eq 6, we obtain

- 2Bdrdgx + D(dr)2 + C(dxdgx - drdgr) = 0,

which is the numerator of &y Next, if we eliminate C from Eq 5 and Egq 6, we

obtain:
A(drdg - dxdg ) - 2Bdxdg + Ddx2 = 0,
X X . T
which is the numberator of grr' So, along the characteristics given by Eq 5 and

Eq 6, there may be discontinuity of 8, and gr, but gxx,gxr , .and grr are in

general finite.

Page 6
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I, C, Equations of Characteristics (cont.)

From Eq 5,
\/ 2
dr _ BIVE -
dax I,IT A
g 2 2 2 2 2 2
gx r + gx gr - 1—gx - gr + gx gr
-2 - N 2 2 L
_ a a a a a
= : - =
X
o
a
2 2 2
-€ 8 fa—\/g.. +g. -a
¥V A
= 2 2
a -.gX
Therefore,
2
ar _ -uv Ta W/u + vV -a (Eq g)
dx I,11 a2 _ uE

This on the surface involves only u, v, but actually we have the velocity of sound

2 - 2
a2 = a, - JLE;-(U + V2-+ wz);

N | N

and thus w = enters into the picture.

Next, from Eq 6 we have

2
- 2
dv _ uv ¥ a.N[;? + v2 -a agv 1+ Kl gz
du I,IT > 2 5 5 20| \@®| IIL
a -v r(a” - ¥ Ta ,
(Eq 6)

We derived Eq 5' and Eq 6' on the supposition that

B . Ac>o0,

Page 7
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I, C, Equations of Characteristics (cont.)
or that Eq 5 is hyperbolic. This in terms of u,v is
2 2 2
u +v -a 2 O.
. 2 2 . .
In case of axial symmetric flow, u + v 1is the square of total velocity, and if
the flow is supersonic this condition must be satisfied. 1In our present case, it

is not necessary that

2 2 2 2 2 2 2
u+v+w-a>0_>u+v-a>0

2 2 2
fi.e., even though the flow is supersonic, u + v - a may be less than zero).
2 2 2 > _ . o  as
If U+ v -a O, then Eq 5' end Eg £' give real characteristics.

Trhat is, each equation offers two distinet @irections.

D. METHOD OF CHARACTERISTICS IN A SUFFICIENTLY SUPERSONIC REGION

‘ o o
1f now ‘«2 - wg = U= ua + 'v2 > a2 we: can establish

u="Ucos Pand v="Usin§,

where B is the projéected flow direction in a meridian plane. Defining

= gin a2 2 <1, Uu=M
U
VP . ¥ 1 , + 8° ‘Ug-ag
Uy -8 - - s1nBcosB-?1~——a—-—-.
W 5. 2 7 2
U sin a - U cos B
2
B -sinB cosB t sin @ cotd B -sinB COSB T sin & cosfI
2 2 T '
sin a - cos B l-cos 2a 1 + cos 2P

2 2

Page 8
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I, D, Method of Characteristics in a Suffieiently Supersonic Regiog (cont.)

Report NAS T7-136-F, Appendix E

-sin 2B * sin 24

sin 2B 7 sin 2 @

~{cos 2 a + cos 2(3)

2 sin (B¥ a)cos Bt q)
2 cos (a+B) cos (a-B)

Therefore Eq 5' becomes

(ar), ;; = ten (Bia) (ax)_

I

Eq 6' can also be expressed in terms of U,B.

First

Next,

cos 2 4 + cos 2:5

tan (Bfa )

L

2
U sinPcosP t a” cot @

2
a -V U (sin2a - sinZB)

sin 2B ¥ sin 2 a

sin (PFa )cos Bta)

cos 2iB - cos 2 @

-cot (Bt a).

-32v - _(U2 singa sinﬁ)2

2 2 2, . .
a8 - v U (cos2P - cos2q )

U sinea sin'(3
sin(B+a )sin(@-a )

Page 9

sin (B+a ) sin B-a)

2
-2 Usin < sin B

2 sin (;3‘+q)sin( a-B)

(Eq T)
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I, D, Method of Characteristics in Suffieiently Supersonic Region (cont.)

It follows that Eq 6' becomes

. 2
+U sin asinﬂg

dr
) B (EE) I, II

S (%%) I,II

dv _ e
(Eﬁ)l,n = -cot Bla) + e ) sta Boa
or
lav + du U sin ga sin B
(553' I, II = - cot @_‘a) @ I,II- r sin (B+a) sin (B-m)
Now
u = Ucosp du=cosP aU-UeinfP ap
g—;-= cos B %I-Usinﬁ
?=U81n3-’ %-sianB#Ucosﬁ
sin B,(%éz) I.1T + U cos B + cot (Bta ) [cos B(%) I.1T - U sin B}
i ) 2
_Usin a.}l s dr} -
" r sin ( B+ )Siﬁlsa g I, II
Therefore,
{sinﬁ + cot (BtG) cos ﬁ] (E%) 111" Ucos B - Usin Becot Bta) = .
thus
cos (Bra-B) _(_1___+ sin @ta-B) _
sin (B“.’a ) 8 sin (BIa )
i.e., R
2
1 [au + sin fa) S (dr sin ~ @ sinf
U (dﬁ) I, 11 *tenC @ = —% dB I,II sin @+@ ) sin (B-@)

sin & tan ®sin B

_ 8|
“ridg) 1,1

sin (B a )

Page 10
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I, D, Method of Characteristics in Sufficiently Supersonic Region (cont.)

or

= f tang + S sing tanBsing

1,11 r sin (Biqa)

%), o

(Eq 8)

We have from Eq 7
Ty - T = tan (Bl -a l)(x3 - xl)

H
]
H
J
]

tan (52 +a.2)(x3 - x2)

Conditions at positions 1 and 2

are known; hence

x, and r

3 3

- can be found.

Next, we can rewrite Eq 8 as follows:

1 S sina tanxsink
L (au = r + 2 ] d
] ‘( ) i1 - + tena (B )T S B+a) ( r)I,II
- cota -~ sind tand sinf S

au = (4 z — cot d
P @t @B v S (Bia) z eota @)y o

- cota - sinQ@sin S
. (a == SOt iy + _TE'? 5 (@
(@p )I,II + =5 ( )I,II tm (Bra) r r):t,J:I

And in difference forms:

cot @ sin @ . sin S
At Sl £ W SN
1 3 1 sin ( P 1@ l) T 3 1"
cota sin a sin P )
B3'52 = "t?i (U3-U2)+sin({52 +a§ ;g-(r3-r2)
2 ' 2 2 2
Page 11
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I, D, Method of Characteristics in gSufficiently Supersonic Region (cont.)

From these, ﬁ,3 and U3 can be found.

Thus, we have seen that in the region where

2 2 2 2 2 2
U =V -=w =u +v > a

We can apply the method of characteristics for axial symmetric flow, with only

slight modification due to the factor
2
1
S=1+ —5 5

r a

Close to the throat region, the circumferential velocity W is large and the total
velocity is nearly equal to a; hence U < a. The potential equation is elliptic

as B2 - A C< 0. There is no real characteristic, and the foregoing method cannot
be applied. In order to handle the complete flow field from the throat to the exit

area, we need a counterpart of Sauer's work of 194k on throat area.

It is to be recalled that our swirling flow is not axially symmetric,
not one-dimensionsal. Because of the existence of Ki, the swirling magnitude, there

is a core of void.described by

Y-1 2

L2 5 K
= - 2
° At2 - :%‘i ( u2 + V)

Page 12
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IT. TRANSONIC REGION

The potential equation of swirling flow is, from Section A, Eq (L),

2
K
>—) = 0 (1)

(0!

2 2 ) 2__2 r .2
(&” -, ) e, =288, +( =g g, + — (a7 + -

where a = local speed of sound in swirling flow. For isentropic flow of a perfect

gas this may be represented from an energy balance as:

o (oI ..
£ \° ro " (2)
2 2 2 Y-1 1 B 2 2 2 ("t
where a*—ﬁl—{at-T(rw‘wl'at[l’oﬁ*(?)J [

Note that a* is not the critical sonic velocity of the swirling flow. It is the
critical sonic velocity considering the x and r components of velocity only, or the

"axial" sonic velocity. The parameter X % is defined

The axial sonic line is given by

2 4 g2 ol

g r

X

A velocity perturbation potential is now assumed similar to the method used
by Sauer¥ for finding the characteristics of the flow in the vicinity of the axial

critical curve:

Lt}

o + g;&

* R. Sauer, General Characteristics of the Flow through Nozzles at Near Critical
Speeds, NACA TM No. 1147, 1946,
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II, Transonic Region (cont.)

Substituting (2) and (3) into the coefficient of g  in Eq (1),
2 2 Y+l *2 Y -1 *2
- = — * - —
a Ex 2 ( gx *ea gx* > 2 &,
*¥2 terms,

*
and, ignoring the gx 2 and g,

2 2

a” -g, = - ({+1)axgX

Similarly, the coefficients of the third and fourth terms of (l) may be evaluated as

2 2 % ¥ -1 *2 ( +1 *2 *2
- = - —_— * * - —_— ~

a g, a 5 [ 2 a g, + gx J > gr ~ a

2 (K1>2 %2 <K1) 2

a” + | = ~ a + | =

T T
Equation (1) may then be written as
*2

- g Xg ¥ - * * * * *

(C+ 1) axgxg * -2(a* + g *) g*g *+a g X+

% 2
1{3*2(9 ]:o ()

Sauer also ignores the second term of this equation, since gxr* approaches zero
as x and r approach zero for axisymmetric flow. Since the axial sonic line in
swirling flow is expected to be closer to the throat plane than for axisymmetric
flow, this approximation also applies for swirling flow, and Equation (4) becomes

(comparable to Sauer's Eq 8):

2
g ¥ K
*2 T *2 1
*g ¥ = * = —
(C+1) avg e * - a0 g %+ — [ (r> ] (5)
Page 14
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1T, Transonic Region (cont.)
Assuming the perturbation potential of the form
g (x, r) =f_ (x) + £ £, (x) + rh i (X) + eeuen
o 2 L
The perturbation velocities gx* and gr* become

2 L
¥ = [ 1 .t
g fo +r f,+r fu + oeeens

2

R
b3
i

¥ = or f2 + 43 fh + erene (6)

L
and Eq (5) becomes, ignoring r and higher powers of r,

2
(¢ + 1) ax [_fo' fo" + T (fo' £+ £, fo”) F eeeen ] (7

2
-4 g2 (f2+’+r2f,+)+(2f2+lhr2fh)(ﬁ)
T

Now, assume fo', f., and fh" may be represented by

2’

"

X, f)+ = f)-l-' =0

H
1l

Co + C, X, f2 = do + d

1 1

so that (8)

" t o
To =Cp T =dy, T8 _ g

Equation (7) is an identity which must hold for all values of r between o and T .
It may therefore be solved by arranging each of the terms in order of powers of
r and equating coefficients of the powers of r to zero. However, since a¥ is s
function of r, it is necessary to square both sides, substitute a*2 from Eq (2),

and multiply rh. This results in

Page 15



11, Transonic Region (con

2((+ 1) Cl2 (a.t2
- S
(rr1)? 2

32 2
Y+ 1 kl (-

+

L (- 1) ff

+

N 2
L K (f2 +
The coefficients of the r

2(¢ + 1) 012 {atg

__6h [au
(Y+ 1)2 v

(30 -5)°
(EREE))

+

This is an identity in x.

in

Report NAS 7-136-F, Appendix E

t.)

2

R S e r2)(f Y B S S|
o 1 o

ro- K
2 L |

2 L X -
+8f2fhr +l6f)+2r)[( 21) Kl

L
1 %) (9)

(¢ - 1) ant2 K’.I.2 4 «:-a,tlL rb':l

Y-1 .22 2 2 2 2 2
s K™f, +a f, T - 3(¢- 1) £, f), K~ r
Kig ru + 6 at2 £, £, rlL + 8 ate fuz r6
2 2
in £, ) T+ i f), rLL (9)

terms result in

2

(Co+cl x)” - (¥ -1) Klg d) (CO+C:L x)jl

2 2 ., 2
(do+dlx) + (11 - 5p) 8, Kl f), (do+dlx)

% g”]

Setting the coefficient of the x2 terms to zero results

21 (20)
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II, Transonic Region (cont.)

Equating the sum of the r6 coefficients to zero,

2 2 . Y-1 o2 2]
2( + 1) ¢y [at 24 f' - &= XK~ 4
6l N 256 2 _2 . 2
= ——— 8f,fa + ———sms (5-3Y)f "a k
(1+ 1)2 2 "k T (f+ 1)2 & t 1

This is again an identity in x. Considering the coefficients of x',

2 2 64 i
b(Y+1) 6" a"d) O = ————= 84 1) a
(t+ 1)
3
c 3
and £}, = —t—s ($; 1y (11)
16 a,

Now at the wall of the throat the flow can have no radial velocity, so that if

the origin of the x - axis is selected at the throat,'

g, (9};' r,) =0

|
o]

and gr*(oéfrt

Therefore, from Equations (6), (8), and (11),

v 3

2

(12)
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II, Transonic Region (cont.)

Equations (10), (11), and (12) determine dp, £y, and d in terms of C,. C, may be
determined by considering the flow at the wall in the vicinity of the throat.

From the figure, it may be seen that

* * * A
* _ Er _ A8, Erx A4S
Z"' T-a¥ + g ¥ a¥ + g ¥ a¥ + g ¥
a*+g:t r r X
The curvature of the wall at T is then
: * *
1 _do_lim _ Srx Lim €r’x
= — O —*-————¥ = -
R ds X+0 a¥ + gx bade] a% (l + gr )

Using a series approximation of the denominator, ignoring powered terms of gr*,

and substituting Eq (6),

3
* ¥* 1
1_lin &x o 5Ty lin ar Iy a rf, + b Thy
R~ x»o a¥ T a¥ /T x»o a¥ B a¥
and, substituting from (8), (10), (11), and (12)
2r, d r. 0.2 /2
A T W T ¥+ 1)3
- * T g¥
R a a (rt) a 2
2 %0, |
or, since a¥ (rt) = at‘Q T (1 -o¢7)
‘ a 2 1 -cxfg 2
c,? = & (o) (13)
1 RJE v+ 1
Page 18
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II, Transonic Region (cont.)

To obtain a formula for CO, consider the sonic line where gx* —» 0, so that,

from Eq (6) and (8),

At the edge of the void, the sonic line and the start (zero angle) line meet each

other, for Pa = 0. Since at this point gr* = 0, C,X may be obtained by solving

1
Equation (6)

2
f2 + 27 fu =0

2
or, do + dlx +2r fh =0

and substituting from (10), (11), (12), and (13) yields
2 2 : ,

Tt " Ta 2 *2
CE s s = S (15)

By noting that at the edge of the void the speed of sound is zero so that, from
Equation (2) r, = T, o ¥*, Equations (13), (14), (15), and (10) may be solved for
CO to yield

-1+ P \jl-o(_*a a, T, .
LR il

(16)
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1I, Transonic Region (cont.)

Collection of formulas:

2a, 2 *2
2 t 1 -
°p = (1) R, (13)
(12) & (13)
a r 3/4
S - o) (17)
a %2,
(10) & (13) a = ﬁt?t 2——%—;—{5—) (18)
3/4
Fo= 8y (1 - 0(*2) / (19)
4= 16 372 9
//7 (R rt)
(11) & (13)°
- {1 +-u32) a, Ty 1 - chE A
Co = R ERCEY (26)

Equation (15) is not restricted to the edge of the void, and may be used to deter-
mine the coordinates of the start line by solving for x and substituting Cl from

Equation (13):

x- % ?_(gflt_tl_) (r,2 - %) (1 -oCP) (20)

Note that forg* = O (no swirl), this reduces to Sauer's axisymmetric flow start

line. The equation for the axial sonic line is

*
_ Y+ 1 1+o(2 2 2 *QIﬂ
=\, Gz om o) A-x)
These two lines will meet only at r = rt *  with Pa = 0.
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II, Transonic Region (cont.)

The related Mach number (considering x and r components of velocity only)

must also be determined for the start line. A critical mach number is defined as

g 2 + & g
— *2 X T
M s (21)

a

(1>

It is used to compute the related mach number M:

Since g, = 0 on the start line,

g g *
— ¥ = _5.._—_ _5.. = !
i Py 1 + .- l+u

Hence
2
C +C, x+r 4d
u' = o 1 1
= =

which, when combined with (13), (16), (18), yields

2 r 2
e | ()T« ] e

t
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LIST OF SYMBOLS

Speed of sound

Speed of sound at stagnation conditions
Equal to wr

Related Mach no., equal to U/a
Radial distance

Void ratio

Nozzle throat radius

Velocity in axial direction

Related velocity, equal to u2 2
Velocity in radial direction
Velocity

Velocity in circumferential direction
Axial distance

Related Mach angle

Swirl magnitude

Angle between U and u

Ratio of specific heats

Angular coordinate

Potential function

Density
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FIGURE I.IST

Aerodynamic Nozzles

Aerodynamic-Nozzle Length, Primary Contour is a 15° Cone
Aerodynamic-Nozzle Length, Primary Contour is a 20° Cone
Aerodynamic-Nozzle Loss Factor, Primary Contour is a 15° Cone
Aerodynamic-Nozzle Loss Factor, Primary Contour is a 20° Cone
Length vs Loss Factor, Primary Contour is a 15° Cone

Length vs Loss Factor, Primary Contour is a 20° Cone

Conical Primary Nozzle Contours

ii
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I. INTRODUCTION

The aerodynamic nozzle, illustrated schematically by Figure 1, is unique com-
pared to most other nozzle concepts in that a gas boundary rather than a c<olid bound-

ary constrains the flow throughout the major portion of the nozzle skirt.

Attainment of high effective area ratios, the ratio of the area of the shroud
to the area of the throat, by the aerodynamic nozzle is possible by free expansior
of the primary nozzle gases into a cylindrical extension from the vehicle base. Thi.
cylindrical extension or shroud is of sufficient length that reattachment of the flow
occurs near its exit, resulting in a trapped gas pocket at a finite pressure which
results in constant pressure turning of the exhaust gases to the near axial direc-

[ = S .
1

ormed at the shroud reallachment point and the fiow defiection

l-l
@]
=
o 23
N
=
O
¢l
»r
-
n

angle and corresponding static pressure rise satisfy the conditions for reattachiment
of a turbulent boundary layer. These reattachment conditions are empirical and have
been determined for flow over a rearward facing step and around axial, symmetric
bodies with blunt bases. This data has been correlated with forward facing .tep
flow separation data and the latter is used to solve for the static pressure rige-s
flow deflection angle, and the point on the shroud where reattachment occurs. Ta.
flow deflection angle is defined, in this instance, as the angle through which the
flow turns, through the reattachment shock, to the axial direction.

The current study was undertaken to determine the relationship betuweer
mary nozzle design, shroud length and overall expansion area ratio as well =as tn
define the gas-gas interface and determine the relative performancs of the r »=1-

nozzle based upon that for one-dimensional flow.

The design charts and loss factors presented on Figures 2 through 5 allow
design and performance analysis of the aerodynamic nozzle. The confignrations cc :-
sidered were limited to those with conical primary nozzles having expansion area
ratios from 2 through 15. Cross-plotting of the results, however, would vossibti,

allow judicious extrapolation to other conical nozzles of different wall half-sn-' -

or larger ares ratios.
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I, Introduction (cont.)

The loss factors presented in Figures U4 and 5 define only geometric losses
and do not include frictional shear drag or other real gas effects, as the calcula-
tions were based upon the isentropic flow of a perfect gas. The shroud length
determined for each expansion ratio by this procedure offers the best performance
for that expansion ratio. Increasing the shroud length does not change the re-
attachment point and adds shear drag, while decreasing shroud length requires flow

over-expansion for reattachment with a consequent decrease in base pressure.

Page 2
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IT. PRIMARY NOZZLE AND FLOW FIELD

The eight conical primary nozzles selected (see Figure 6) utilized two skirt
wall half-angles: 15 and 20°; and four expansion area ratios: 2, 5, 10 and 15.
The flow field within these nozzles was determined by the method of characteristics
and points within the field near the nozzle exit then used to determine the constant

P

pressure, constant Mach number free boundary at pressure ratios, §£ » from 100 to
b

1000.

A representative series of these free boundaries for a 15° half-angle primary noz-

zle, expansion area ratio of 2, is shown on Figure T.
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I1T. SHROUD FLOW REATTACHMENT

Conditions for reattachment of the free flow boundary to the shroud were de-
termined by using empirical rocket nozzle flow separation data and the two-dimen-
sional oblique shock relations. The pressure rise coefficient across an oblique

, associated with the boundary layer separation ahead of

shock wave in air,
a forward facing step, and that associated with flow separation in a nozzle, are
plotted versus approach Mach number on Figure 8. These curves, No. l and 2, are.
nearly identical and show good enough correlation that the two sets of data could be
used interchangeably. Curve No. 3 is a plot of the pressure rise coefficient associ-
ated with flow separation in a real rocket nozzle and, from the preceeding statement,
may also be considered as boundary layer separation data of a forward facing step

for a real rocket gas. This is significant.because the pressure rise coefficient
experienced during reattachment of the flow behind a rearward facing step is 0.06
greater than that required for boundary layer separation ahead of a forward facing
step, Curve No. 3%. Curve No. 3 is therefore uniformly increased 0.06 to obtain
Curve No. 4 and data from this curve is used throughout the remaining calculations.
Points on the attached aerodynamic nozzle design charts were located by the following

procedure:;

1. A constant pressure, constant Mach number free boundary was selected

for a particular pressure ratio.

2. The oblique shock pressure rise coefficient with reattachment was
selected from Curve No. 4, Figure 8, by using the constant, free boundary Mach

number.

3. The flow deflection angle associated with this pressure rise coeffi-

cient and approach Mach number was found from obligue shock graphs.¥¥

¥ Love, E. S,, Base Pressure at Supersonic Speeds on Two-Dimensional Airfoils and
on Bodies of Revolution With and Without Fins Having Turbulent Boundary Layers,
NACA Technical Note No. 3819, January 1957.

*% Compressible Flow Tables in Aerojet General Corporation Solid Engine Design
Handbook, 1958.
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ITI, Shroud Flow Reattachment (cont.)

b, The point on the free boundary where the flow angle equals the above
oblique shock flow deflection angle is the point where the shroud should first
contact the free boundary to turn the flow to an axial direction through the re-
attachment shock. Thus the shroud length and overall area ratio are determined

as a function of base pressure ratio and primary nozzle configuration and area

ratio.

Results of this study, in the form of aerodynamic nozzle design charts, are pre-
sented on Figures 2 and 3 and may be used to determine the basic nozzle configura-

tion from the above parameters.
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Iv, PERFORMANCE

Performance of the aerodynamic nozzle can be examined by reference to a loss
factor, QiG’ which is a measure of nozzle losses due to geometric factors only.

l—qEG is the vacuum thrust efficiency:

C
( FVAC} AFRO NOZZLE
(1-Gn) =
€G (CF )
Gl 1o et €
where
P
b 1
= + - —
Fuac Fipc Pe (€= ) ‘p
AERO NOZZLE PRIMARY
cy = Cp = 0.995 (for this study only)
AFRO NOZZLE PRIMARY
C, = w actual/w ideal
e;o = overall expansion ratio
&I) = primary expansion ratio
Pb = base pressure

Loss factors determined by this method are plotted versus aerodynamic nozzle expan-

sion ratio and length on Figures 4 and 5.
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FIGURE LIST

of Contour (Rao) Nozzle from Bottom of Propellant Tank to
Exit

of Conical Nozzle from Bottom of Propellant Tank to
Exit

of Clustered Bell Nozzles from Bottom of Propellant Tank

to Nozzle Exit

Iength
Nozzle

Length

of Annular Nozzle from Bottom of Propellant Tank to
Exit

of Forced-Deflection Nozzle from Bottom of Propellant Tank

to Nozzle Exit

Tength
Nozzle

Iength
Nozzle

Iength
Nozzle

Length
Nozzle

Weight
Weight
Weight
Weight
Weight
Weight
Weight
Weight
Weight

of 20% Plug Nozzle from Bottom of Propellant Tank to
Exit

of Star Nozzle from Bottom of Propellant Tank to
Exit

of Swirl Nozzles from Bottom of Propellant Tank to
Exit

of Aerodynamic Nozzle from Bottom of Propellant Tank to
Exit

of Contoured (Rao) Nozzle
of Conical Nozzle

of Clustered-Bell Nozzles
of Annular Nozzle

of Forced-Deflection Nozzle
of Plug Nozzle

of Star Nozzle

of Swirling Flow Nozzle

of Aerodynamic Nozzle
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I. ASSUMPTIONS

To make the results of the mission analysis study mesningful for the compara-
tive evaluation of real vehicles designed to carry out different missions, it was

necessary to make the following assumptions:

A, Propellant outage is 1% of the usable propellant weight. This is a
reasonable percentage to allow for outage, on the basis of outage propellant wei-hts
of current boost vehicles. The selected 1% figure is not of great importance in
itself; the important thing is that the percentage is held constant for all nozzles

50 that a nozzle payload comparison will not be invalidated.

B. Propellant tank ullage is L% o1 the usable propellant volume. ''he can<

remarks apply here as under the previous assumption.

C. For cryogenic propellant tanks, the tank stiffening factor decreases
parabolically from 2.0 for a tank pressure of O psi to 1.15 for tank pressures
above 400 psi. For storable propellant tanks, the tank stiffening factor decrerges
parabolically from 1.25 for a tank pressure of O psi, to 1.0 for tank pressures
above 400 psi. These assumptions were arrived at by fitting parabolic curves throuzgh
propellant tank "stiffness points" that were calculated for existing o. } :ian:
vehicles such as Saturn S-IV, Able-star, and Titan II-A. The extra stiffness in tie

case of the last vehicle mentioned was taken into account.

D. A titanium alloy, Ti 6Al1-LV, was chosen for the fuel tank and uresi.ic
bottle material, and an aluminum alloy, 7075-T6, was selected for the oxidize»
tank material. The former was selected for its high strength-to-weight re~+in, - ¢
was not considered suitable for use as an oxidizer tank material because of its

sensitivity to oxidation.

E. Cryogenic tank insulation and baffle weights are 15% and 10%, resp: -
tively, of total spherical tank welght for liquid hydrogen tanks, and 4% and 127

respectively, of total spherical tank weight for liquid oxygen tanks. Storail=

tank insulation and baffle weights are combined and are 15% of total sphr " -»

Page 1
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I, Assumptions (cont.)

weight for both Ngou and Aerozine 50 tanks. For the cryogenic propellants, these
percentages were arrived at after referring to the proposal indicated in footnote*,
which details the Saturn S-II vehicle. For the storable propellants, the 15% figure
was selected to make the tank weights of the Titan II-A, corrected for spherical

tanks and lower stiffness factors, yield a tank factor commensurate with that obtained

for the cryogenic propellant tanks.

F. If a tank is not completely spherical, as in the case of pump-fed systems,
its weight is multiplied by a "frustum factor" to account for the increase in weight
from the conical tank bottom. The frustum factor includes the weight of a toroidal

transition section between the conical bottom and the spherical top of the tank.

G. For pump-fed systems, average tank pressures of 30 psi are used, whereas
for pressure-fed systems, tank pressures are 130% of chamber pressure. In the former
cagse, the tank factors would be slightly changed for different tank pressures in the
range of 15 psi to 50 psi which would slightly affect the payload capability curves;
but since all the vehicles were analyzed at the same average tank pressure, the most
important consideration of comparing nozzle performance was effectively treated.

For pressure-fed systems, the 130% figure represents an average loss of pressure in

the lines and injectors of existing vehicles of 30% of chamber pressure.

H. Propellant tank pressures are constant during firing until propellant
depletion. This is the natural consequence of the assumption that the pressuri-
zation system bottle pressure is constant until propellant depletion. This is a

good assumption except perhaps for the last few seconds of firing.

* SATURN S-ITI Proposal, Aerojet-General Corporation Proposal
No. AGC-61002, July, 1961 (CONFIDENTIAL)
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I, Assumptions (cont.)

T. Tank pressures resulting from propellant dynamic loads are small with
respect to tank design pressures and are neglected. That this assumption is
reasonable may be seen by the fact that for the worst possible condition, i.e.,
for the high density storable propellants in a Mars space vehicle subjected to a
bg acceleration during the boost-to-earth-orbit phase, the tank pressure increase
above the design pressure of 30 psi, is only 10 psi. Because the design tank
weight is multiplied by a safety factor of 1.5 as well as by a stiffness factor
of at least 1.2, the tank may be considered to be adequately designed if the pro-
pellant dynamic loads are neglected.

Je The temperature of the gases that pressurize the cryogenic propellants
is raised to 150°F above the propellant saturation temperature to preclude corien-

sation.

K. The pressure in the hydrogen spherical pressure bottle is regulated to
twice the fuel tank pressure. This regulation is sufficient to give a grest enough
pressure differential between the hydrogen pressure bottle and the fuel tank for

efficient pressurization of the tank.

L. Helium is stored in a titanium alloy (Ti6Al-4V) pressure sphere at

5,000 psi. The high pressure of helium reduces its storage requirements,

M. The perfect-gas law is valid near the liquid state of a gas. This
assumption affects the volume of the helium bottle and probably is valid only =t

pressures far above the ciritical pressure, which is the case for the stored heliuvm.

N. Burst-to-proof and proof-to-working pressure ratios are 1.33 and 1.7,

respectively.¥

¥ Tanforan, F. M., "Preliminary Design Data for Low Thrust Rocket Propulsion
Systems", Aerojet-General Report No. PDR-60-7 (LRP), 18 August 1960
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I, Assumptions (cont.)

0. The pressurization system safety factor is 1.1, pressure tolerance
factor is 1.1, valves, lines, and fittings factor is 1.1, weight contingency and

structural support factor is 1.25, and the heating element factor is 1.01.%

P. Structural safety factors of 1.5 are used for all structures. This is

common practice for man-rated systems.

Q. The minimum wall thickness for propellant tanks and the hydrogen pressure
bottle is 0.0l-in. This limitation was imposed to preclude tank thicknesses which

would be unattainable under the present state of the art of tank manufacture.

R. Intertank and interstage structure is made of a sandwich material that
has 7075-T6 aluminum outer panels and an inner filler material that weighs
0.01 1b/in3; This material was selected for its high strength-to-weight ratio.*¥
This weight was increased as described in section IV.C.3 and Appendix J to account
for the effect of increased bending moment on the lower stages as the interstage

length is increased.

S Structural rings at the ends of the interstage and intertank sections
change the direction of the applied loads, thus reducing the bending and com-
pressive stress in the sections. The weight of these rings is approximately lO%
of the weight of the interstage or intertank section to which they are attached.

This estimate of ting weight may be a little conservative.

% Tanforan, F. M., "Preliminary Design Deata for Low Thrust Rocket
Propulsion Systems", Aerojet-General Report No. PDR-60-7 (LRP),
18 August 1960

¥% Sandorff, P. E., "Structures Considerations in Design for Space
Boosters," ARS Journal, November 1960
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I, Assumptions (cont.)

T. The maximum angle of the lower interstage skirt is limited to 20° for
vehicle designs in which the nozzle exit diameter exceeds the larger tank diameter,
whereas a straight cylindrical skirt is selected for the designs in which the larger
tank diameter equals or exceeds the nozzle exit diameter. This assumption was made
to avoid large payload losses resulting from excessive aerodynamic drag on a wide-
angle interstage skirt. A study of many existing vehicle designs showed that in

all cases the interstage angles were less than 20°.

IT. PRINCIPAL EQUATIONS

Wy = W, exp (- av/g Is)

B. PRESSURIZATTION SYSTEM WEIGHT EQUATION *

r
_ 0.3 1 _t
pr = 14 PV { \<\ I‘t + ﬁ] [l + rp
where T = Ei—lf% and r = Ei
t Pe L P P

The terms in the first bracket represent the pressure bottle weight and
the pressurant weight needed to expel all the propellent from the tanks. The last
term in the second bracket represents the additional pressure bottle weight and
pressurant weight required to allow for residual pressurants in the pressure bottle

upon propellant depletion.

* op. cit., Tanforan, F. M.
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II, Principal Equations (cont.)

C. DIAMETER OF PRESSURE SPHERES OR SPHERICAL TANKS

i

D. HELIUM BOTTLE WEIGHT

The helium bottle weight is usually found from one application of the
Pressurization System Weight Equation given above, except for the case when the
helium is used to pressurize two different containers. When this is the case, two
applications of the Pressurization System Weight Equation, one for each container,

are necessary to find the helium bottle weight from the following equation:

W + W
W - HEBt HEBTT v
HEB V. + v HEB
I 1T
where WHEBI and WHEBII are the helium bottle weights required in

pressurizing containers I and II, and VI and Vyy are the volumes of the containers.

E. SKIN THICKNESS EQUATION

W

£ = —8
2
/OST[ D,

F. TANK WEICHT EQUATION
k
—— PV
Y

This equation represents the sum of the container wall weight, the

insulation weight and baffle weight. The derivation follows:

2
Wp = f £ £, PTIDE + k) Wy + k¥
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II, F, Tank Weight Equation (cont.)

where kl and ko represent insulation and baffle weight factors,
respectively.
2
bl fl f2 /OS7TD t

WT =

1—(1<l + k2)

Representing thickness, t, as a function of tank pressure and diameter:

t = ;%% where @ is the material ultimate strength (lb/ing)
2 3
" f fl f2 /OS T D™ PD f fl f2 D

T [1-(kl+k2)] W \:1-(1(1+k2)J6

let k= (2:5)(1:33)(1.2)(1728)

Tk + % which now accounts for type
1 2 of units used as well as the
pressurizing safety factors of
1.33 and 1.2.
Then W, = f f ¢f k v
T 12 Y

G. LOWER TANK DIAMETER FOR PUMP-FED SYSTEM

Let ¢ represent the length of a chord across the widest base of the

frustum section of the tank bottom and h represent the altitude of this frustum.

Then c¢ = xlDandh = X, D

2

The new lower tank diameter Dl in terms of the old spherical diameter,

D, X1 and X, is then:

2

2 2
D, = D §/l+x2[6x2 (xl+l) -8x2-3le

Page 7T
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II, Principal Equations (cont.)
H. FRUSTUM FACTOR EQUATION

The frustum factor which accounts for the increased tank weight

because of the conical bottom and totroidal transition section is:

Dy

£, = 12 [l N 3\[?}(2 (x; - %) +<_D_ + xl)\I? (1/2 - Xg)]

where Xy and x2 are the same as in G.

I. PUMP WEIGHT EQUATION *

W = 100 + .463 QO'67 P 0.74
pmp c

where the propellant flow rate, Q, in ft3/sec is derived as follows:

W= F/I

MR + 1.0
fgb - f%ﬁ. 1.0 + MR fu
ox
Q = — R

Jde. INTERTANK AND INTERSTAGE WEIGHT EQUATIONS

These equations have the same form and may be written

bR T
W= 1.1]T% (D+d)2 R
& D+ d

% "Unconventional Nozzle Study", Douglas Aircraft Co., MSSD Report No. SM 41358,
Jan., 1962 (C)
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II, Principal Equations (cont.)

Where D and 4 are the large and small diameters respectively of the ends
of the intertank or interstage section. The bracketed expression is given by the

curve for sandwich structures in the reference indicated in footnote**.
K. PAYLOAD WEIGHT EQUATTON

W = W_- (W

PL o Wf + W + W t W + W +We+Wi

PP et t Woxt T Wps Y Wiines T pwp bs)

where the meaning of each term is given in the list of symbols on page |2.

iif. DERIVATION OF BURNOU IGHT-SPECIFIC IMPULSE TRADE FACTOR

0
Av = gIS 1n (W- )
I
W I rOWs
AV o s 0
d(—) = dI ln<—)+ = - —=' 4w
g s WI <E> wi ; 1
W
I
keeping the ideal velocity increment constant, d (—%Y) = 0.
Is Wo
S, o — AW, = d4dI <-—-—>
WI I s WI

W
Pay
Replacing 1n /\ Wg)by éTv- » and replacing differentials by finite
‘ I ]

differences, the burnout weight-specific impulse trade factor is obtained.

A WI _ Av wI
AT - 2
s gl

*¥ Op. cit., Sandorff, P. E.
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IV. DERIVATION OF TRADE FACTOR OF PERCENTAGE CHANGE IN PAYLOAD WEIGHT PER
PERCENTAGE CHANGE IN SPECIFIC IMPULSE

From the derivation of the burnout weight-specific impulse trade factor

given in III.

ANp <ﬁ_><_ﬁ> _ <é_V) <_I_)<‘f§>
Wpr, Wpr, Wp el Wor, Iq

and since AWPL = AWI

(AWPL) (AIS> i av Vo ) AV {wo (1L -A) + /\wPL]
W \ I N W -

PL gl "PL gl Vo

V. DERIVATION OF TRADE FACTOR OF PERCENTAGE CHANGE IN PAYLOAD WEIGHT PER

PERCENTAGE CHANGE IN ENGINE WEIGHT

Because both payload weight and engine weight are inert weights, they must

be one-to-one correspondence.

AWpp "Awe
AWpr = AT
wéw?L wPL e
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VI. DERTVATION OF TRADE FACTOR OF PERCENTAGE CHANGE IN PAYLOAD WEIGHT PER
PERCENTAGE CHANGE IN INTERSTAGE WEIGHT

_ _ ] _ 1 _ amAV/8 T ]
Wor = (WLO wISS> Ll 5 (1-e * )

- e~AV/9Lg
dWpr, o l-e ¥ Wor, Wor,
5 = | -1 = 14 e—ii oy o —PL_

Iss )\ wLo - WIss wLo - WIss

. <AWPLVKAWISS> - wIss
or, Wiss Yo ™ Yies
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SYMBOLS

Spherical propellant tank diameter, unless otherwise noted (in.)
Denotes differentiation, unless otherwise noted

Lower propellant tank diameter for pump fed systems (in.)

Slant height of conical frustum (in.)

Space vehicle thrust (1b)

Tank stiffening factor (dimensionless)

Structural safety factor (dimensionless)

Frustum factor (1.0 for perfectly spherical tanks-dimensionless)
Reference gravitational constant (32.2 ft/secg)

Vacuum specific impulse (sec)

Parameter that is a function of units used, pressurization safety factors,

and insulation and baffle weights (in/ft3)
Mixture ratio, oxidizer to fuel (dimensionless)
Tank pressure (lb/in.g)

Combustion chamber pressure (lb/in.e)

Propellant flow rate (ft3/sec)
ft-lb)
1b°R
Ratio of initial pressure to final pressure of a pressurizing gas

Gas constant (

(dimensionless)

Ratio of initial temperature to final temperature of a pressurizing gas
(dimensionless)

Final temperature of a pressurizing gas (°R)

Skin thickness (in.)

Equivalent thickness of an intertank or interstage section (in.)

Tank volume unless otherwise noted (fts)

Tdeal velocity increment required for the space vehicle to perform its
mission (ft/sec)

Engine weight (1b)

Fuel tank weight (1b)

Vehicle burnout weight (1b)

Interstage skirt weight (1b)

Intertank skirt weight (1b)

Page 12




=

lines

= =

oxt

62
[

=

pmp

'dz 'dz:
n g

=
H

o=

g >d» ® Bz

Subscripts
B

f

fu

Report NAS 7-136-F, Appendix G

SYMBOLS (cont.)

Propellant line weight (1b)
Vehicle liftoff weight (1b)
Oxidizer tank weight (1b)
Payload weight (1b)

Pump weight (1b)

Propellant weight (1b)
Pressurization system weight (1b)

Propellant tank weight (1b)

Propellant weight flow (1b/sec)

Material strength to weight ratio (in.)

Denotes finite differences

Ratio of nozzle exit area to throat area (dimensionless)
Density (lb/in3) for solids, lb/ft3 for liquids and gases)
Stage mass fraction = Wbp/(w

oD + WI - WPL)
Material ultimate strength (1b/in.2)

Bulk propellant (fuel plus oxidizer)
Final condition

Fuel

A general quantity

Helium pressure bottle

Initial condition

Oxidizer

Structure or material

Page 13
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APPENDIX H

ANALYSIS OF THE RADIAL PRESSURE AND MACH-NUMBER

DISTRIBUTION IN A SWIRLING-FLOW NOZZLE
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This appendix describes the method used to obtain the theoretical curves of
static pressure ratio and Mach number in Figures VI-18, VI-19 and VI-22. The velocity
of the gas at any point in the nozzle is divided into tangential and axial compo-
nents; the radial component is neglected. The angle between the axial component and

the total velocity is designated W S0 that:

v =V
a cos ¢ -
v, =V .
t sin ¢w
2 2
= +
A\ V£ Va

The axial component Va is assumed to be constant across any plane normal to the

nozzle axis. The tangential component is expressed:

Vt = K/r

in a potential vortex, and:
V = (or

in solid body rotation*. Then using the one-dimensional steady isentropic flow

relations:

-

)

-1M2>'?}\i'

-1

E =(1_+
T

% - (&)

M o= —
’\leRT

-

*cll"d

* Shapiro, A. H. The Dynamic and Thermodynamics of Compressible Fluid Flow, the
the Ronald Press Co., New York, 1953. '
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an expression for the static pressure ratio and Mach number may be obtained as a
function of the radius ratio for a given wall Mach number and flow angle. In a

potential vortex, the relations are:

2y
J: -1
%._ =] 1+ &-1: Mwesin2¢w {l-<r>j

(rw'/]-)2 sin2¢w + 0052 d)_l
v (/p )2

The Mach number and flow angle at the wall were obtained from the one-dimen-
sional analysis described in Section II, C, 6. The values used are given in the

table below:

Swirl configuration 1 2

Location Chamber Chamber  Exit
Wall Mach No., M 0.1007 0.1367 7.48
Wall Flow Angle, ¢w, o 8.2 87.3 2.78

Note that P/Pw_for a potential vortex may be differentiated and substituted into

the Mach number relation to obtain, after rearranging:

+ I"3
2o “tan“d dp'
Yvp' ar’

where the primes indicates the value divided by the value at the wall. When the

wall angle ¢w is close to 90°, this relation simplifies to:

M2 _ r' dp'

\‘Ap 1 dr 1
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which is the equation used by Keyes¥* to compute the Mach number distribution from

the measured pressure distribution.

* Keyes, J. J., Jr., "An Experimental Study of Gas Dynamics in High Velocity Vortex
Flow," Proceedings of the 1960 Heat Transfer and Fluid Mechanics Institute, Stan-
ford, Stanford University Press, Stanford, California.
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SYMBOL LIST

2
Gravitational constant, 32.2 ft/sec

Constant

Mach Number

Pressure, psia

Gas constant, ft 1b/l1b °R
Static temperature, °R
Velocity, ft/sec

Ratio of specific heats
Angle, deg

Angular velocity, rad/sec

a Axial
t Tangential
T Total
W Wall
Page U4
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APPENDIX T

THE METEOROID HAZARD
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FIGURE LIST

Most Probable Rate of Puncture

ii

Figure No.
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The lower and upper velocity limits of meteoroids have been established as
11 and 33 km/sec, respectively. To date, most of the data concerning meteoroids
has been gathered by means of phography and radar. A few determinations of the
meteoroid flux using earth satellites have also been made. The flux found by the
Explorer XVI earth satellite, the latest of these, is given in Reference I-1 and
previous estimates based on both ground and satellite observation are given in
Reference I-2. Figure I-1l, reproduced from Reference I-2, shows several estimates
of the most probable number of punctures by meteoroids of aluminum sheet per square
feet per day as a function of the sheet thickness. The estimate used in this study
is the one based on Whipples' 1961 determination of the flux and Bjork penetration
equation. Whipples' 1961 determination, since it is the most recent of the earth-
based observations, is hopefully the best. It, when combined with the Bjork pene-
tration equation, gives results which are conservative compared with those derived

from Explorer XVI.

The effect on nozzle performance of meteoroids punturing the unprotected
radiation cooled portion of a parabolic nozzle having an exit area ratio of T731:1
was determined for an engine operating at a chamber pressure of 500 psia and a
thrust of 100,000 1b. The propellant was taken to be Néoh/Aerozine 50 with a mix-
ture ratio of 2.0. As shown in Figure II-4O of Reference I-3, radiation cooling
will not suffice below an area ratio of 15 for an engine using 02/H2 at a mixture
ratio of 5.0 and a chamber pressure of 500 psia. Since Ngou/Aerozine 50 at a M,R.
of 2.0 burns at a higher temperature, considering the radiation cooled portion to
be attached at an area ratio of 15, will give an upper bound to its surface area.
The skirt will most probably be made from either titanium or stainless steel, about
0.002-in. thick. Because most of the meteoroid puncture data is presented for
aluminum, the skirt was considered as being made out of this material. Titanium
and stainless steel sheet are at least equivalent to and probably superior to

aluminum sheet of the same thickness (Reference I-4).
The penetration data given in Figure I-1 were computed assuming a meteoroid

density of 2.7 gm/cm3. For the purposes of finding the area of the punctures in

2
the nozzle, the density of the meteoroids was conservatively taken to be 0.5 gm/ch.
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(one study of meteoroid density found the average density to be 1.75 gm/cm3. Refer-
ence I-5). The exposed surface area, AS, of the nozzle skirt is 1578 ftg. From
Table 1, Reference I-2, Whipple's 1961 estimate)most of the meteoroids striking
the nozzle will weigh less than lO_2 gm. The most probable number of penetrations
per square foot per day, Y , by particles larger than lO_2 gm, is less than 10-7.
The most probable number of penetrations by particles larger than 10-2 gm for a

14 day trip, then, is

g = P A T =107 (penetrations) (1578 ftg)(lh days)
ft2 - day

0.00221

The probability, p(0), of the skirt not being struck by a particle larger than 10
grams is: (from Reference I-2)

-¢

e
e-0.0022l

p(0)
= 0.9978

The average mass of the meteoroids striking the vehicle can thus conservatively be

taken at 1072 gm.

To compute the thrust losses from meteorolids, the nozzle was divided into
transverse sections. The surface area of the section was calculated assuming it
to be a cone, and the sum of the absolute values of side thrusts calculated assum-
ing the average of the highest and lowest static pressures in the section, Pavg’
7 of 1.23 was

assumed for each puncture. This is the thrust coefficient at the nozzle throat

to be the pressure throughout the section. A thrust coefficient, C

for Neou/Aerozine 50 at a M.R. of 2.0, for a wide range of chamber pressures.

Page 2
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Tests made at the Aerojet-General Corporation show that punctures made in
radiation cooled skirts are not enlarged during an engine firing. Therefore, the
area of each puncture was assumed to be equal to the area of projection of a sphere
having a mass of 10-2 gm and a density of 0.5 gm/cc; i.e., 0.01378 in.2. From
Figure I-1, the most probable number of punctures per square foot per day for
0.002-in. thick aluminum is 0.45. This same figure shows that approximately one-
tenth of the particles that puncture a single sheet of aluminum would puncture two
separated sheets, each sheet being of the same thickness as the single sheet.
Therefore, one tenth of the particles puncturing one side of the nozzle was assumed
to pass on through the nozzle and puncture the other side also; i.e., the overall
puncture rate is 0.495. The sum of the absolute values of the side thrusts in each

section is then:

=17l = (a5) (T) (¢) cp (A puncture) (P, )

Between € = 15.7 and & = L47.4

2
S{F) = (40.8 £t°)(1k days) (.L9s P—‘%—EIEE)(L%)(-.OB?B —=___) (2.43 psia)
puncture
ft -day
= 11.64 1b
Between € = 47.4 and €& = 106.8
SIFl = (87.7 £t2) (14 days)(.kos BBCTUresy ) »3y( 01278 Ffiﬁ‘%&'é) (.60 psia)
= 6.17 1b ft--day
Between €& = 106.8 and € = 271.8
. t i .
Z|F| = (303 £t°) (14 days)(.495 i%::——?fi)(l.%)(maw Sontme) (+215 psia)
= 7.63 1b
Page 3
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271.8 and e = 731

Between &

2l = (1146 £°) . . . = 6.73 1b

217 11.64 1b + 6.7 1b + 7.63 1b + 6.73 1b = 32.17 1b

Total

The probability that the actual number of punctures will be less than double

the most probable number can be calculated from the equation

P(20)

I
(o)
<.
M
A=Y
5

The most probable number of punctures sustained by the nozzle is very large,
10,950. From the tables in Reference I-6, one can see that p > 0.999. Therefore,
one can safely take 2|F| total to be less than 64. The net side thrust is undoubt-
edly much less than 64 1b and is most probably close to zero. An upper bound to the

loss in specific impulse caused by the punctures may be found from the relation:

.
5P w
Then,
1. Tsp(puncture) < 2 JF| total = _ el = 0.0006L
[— 100,000

I
5P
Since the punctures will not all occur at the beginning of the trip, the average loss
in specific impulse will depend upon when during the trip the engine is operating,

but in any case, the loss should not exceed 0.0006k,

To try to protect the nozzle so that there would be a 0.99 probability of no

punctures would require that there be less than

Page 4
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0.01005
kV =

SOICE k.56 (10'7) penetrations/ft2/day

To achieve this, two sheets, spaced several inches apart, having a total thickness
of aluminum of 0.2-in. or a single sheet of 0.3-in. thick aluminum would be required
(Figure I-1). The weight of this protection in the first case, ignoring the weight
of any spacers between the sheets, is 4430 1b, and in the second case is 6650 1b.
Since the weight of the entire engine is less than 2000 1b (Reference I-3), the
amount of shielding is obviously too high and would make the use of large area ratio

nozzles impracticable were it necessary.

However, to protect the nozzle from € =1 to € = 15 sufficiently so that the

probability of receiving no punctures is 0.999 requires that

.00L -6 penetrations
= = L.68 (10 =

v (15.26(1%) ( ) £t< day
The single sheet thickness required is, from Figure I-l, approximately 0.15-in. The
weight of this sheet is 32.1 1b. The weight of the shielding needed to protect the
ablatively or regeneratively cooled portions of the nozzle does not appear to be ex-

cessive.

As more meteoroid data becomes available, the conclusions presented herein
may need revision. If the penetration data from the Explorer XVI satellite were

used, the number of punctures received by the nozzle would be reduced by a factor
of 10.

Page 5
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Figure I-l. - Most probably rate of puncture as a function of total aluminum skin
thickness as determined by various methods. For the purpose of comparison a
meteoroid density of 2.7 g/cm3 was assumed in all cases.

Reproduced from Reference I-2
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APPENDIX J

EFFECTS OF INCREASED BENDING MOMENT
ON THE BOOST STAGES DUE TO AN INCREASE IN INTERSTAGE WEIGHT
BETWEEN THE BOOSTER AND SPACE VEHICLE
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FIGURE LIST

Moment from 1 "G" Transverse Acceleration

Typical Stage Construction

ii

Figure No.



Report NAS 7-136-F, Appendix J

I. INTRODUCTION

As the interstage structure is lengthened, the transverse acceleration of
the booster vehicle causes an increase of bending moment on the structure propor-
tional to the change in interstage structure length. Consequently, to maintain a
constant stress in the structure a larger cross-sectional moment of inertia is re-

quired and hence an increase in booster weight.

The three stage booster (Figure 1) was analyzed as a conventional stringer-
panel-frame vehicle with 4 "g's" axial and 1 "g' transverse accelerations. Other

specifications for the booster vehicle are given below:

Change in Velocity Mixture Initial Mass
Stage: Propellant ft per sec Isp Ratio Fraction
1 o2 - RP-1 12000 248 2.2 .92
2 0, - H, 9100 353 5.33 .848
3 02 - H2 8900 428 5.33 .884

Booster stage configuration is determined from the size requirements of the
fuel and oxidizer tanks. The stage diameter of the first and second stages was
determined from the diameter of the spherical oxidizer tank. To prevent the third
stage diameter from becoming less than the payload diameter, the oxidizer tank was

made cylindrical with hemispherical ends and a diameter equal to the payload dia-
meter.

In order to obtain structural weights, initial mass fractions of the boost
stages were assumed as shown. Since changes in weights rather than actual values

were required from this study, no detailed designs of the vehicles were attempted.

Propellant requirements for the first stage were calculated from,

_ - AV/gIspf
W= W, (1-e )

W o= Light off weight = 12,386,500 1b

Page 1
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I, Introduction (cont.)

AV = Velocity increment
e = 2.71828
g = agcceleration of gravity

Fuel and oxidizer tankage requirements are determined from stage mixture

ratio and propellant densities.

From the basic configuration of the stage the forward structure, fuel tank,
fuel tank forward heat skirt, stringers, frames, oxidizer tank and oxidizer tank
upper and lower headskirts, the change in weights as the bending moment is increased
were calculated by methods outlined below. The change in stage weight is the sum-

mation of changes in component weights.

The payload of the first stage is then calculated from

Where WPL is the weight of all higher stages, or the lightoff weight of the second
stage. This procedure is repeated successively for the second and third stages

to determine the overall booster effects.

The increase in bending moment on the boost vehicle as the interstage length
is increased was calculated by assuming a transverse acceleration of 1 "g". The
weight of the vehicle is then summed along its length, and the area under the result-
ing curve is the bending moment at that location. A change in length of the vehicle
results in a change in bending moment which was used to compute the increase in load

on the structural components.

The forward structure length for the first and second stages was considered

to be 30% of the upper stage oxidizer tank diameter.

Page 2
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I, Introduction (cont.)

Basic material selections for the analysis were GALLV Titanium for all fuel

components and 7075 Aluminum for the remainder of the vehicles.

Results of this study indicate that the total booster weight increases
approximately 81 1b per inch of interstage structure. Of this amount, 31 1b per
inch are attributable to the first stage and 27 and 23 1b per inch to the second

and third stages, respectively, as shown in Figure IV-53. This is also shown in
terms of percent change in weight, and as a change in the mass fraction of the

boost stages on the same figure.
IT. ANATLYSIS
A, FORWARD STRUCTURE

The forward structure is the transition between the booster vehicle

stages.

The total change in weight of this structure is analyzed by summing
the change in weight of the components as a function of the change in moment from

lengthening the interstage structure.

Basic components affecting the weight of the forward structure, string-

ers, forward frame, center frame, and aft frame, are shown schematically in Figure 2.

1. Stringers

The area of the stringers in thr forward structure is given by
the equation
']TD12 [_Fc] ult

Agp = 7o (1.1)
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II, A, Forward Structure (cont.)

Where [:Fc] ult is the ultimate compressive load on the stringers

1.h M P
[FC] ult = === 5 a2 + T (1.2)
1

And G‘c is the allowable stress for elastic stability.
The weight of the stringers is given by the basic equation

Wop = AST L/o (1.3)

Since by definition for this analysis L = .3Dl the change in

weight of the stringers as a function of the change in moment is given by

} 1.68 ng/O AM
ST R, 0, Cos¢

(1.4)

2. Forward Frame

The critical compressive load in the forward frame due to "kick

load" is

Sioat (Ref 5 Page 307) (1.5)

Taking a frame section as shown in Figure 2 the moment of inertia

and area may be expressed by

Loy t o’ (1.6)

4.

|

App = 3 (1.7)
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II, A, Forward Structure (cont.)

By combining equations (1.5) and (1.6) the critical frame thickness

is determined to be

I Rc3
t = —— (1.8)
cR 3 E h3
where
R. - R
7 2 1
N (1.9)

and [Fc] 41t I8 obtained from Equation (1.2)

The change in critical thickness as a function of change in moment

may be expressed by

3
5.6 AM Rc

At _ = (1.9)
S 3+ 2
R 3gn3 TR,

In addition to the compressive stress in the frame due to kick
load, there is a bending moment in the frame caused by unequal shear loads around
the frame perimeter which tend to deflect or warp the frame radially. The magni-

tude of this load is

[V 1 _ 1.4 WPL x transverse "g's (1.10)
FF ult No. of fittings

The compressive stress in the frame from the kick loads are given

by

(1.11)
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II, A, Forward Structure (cont.)

where

M=K g R [VFF] ult (1.12)

and ch 1wt R Ky \:VFF] ult R_

Pax = + (1.13)

“Fr “Fr

The change in frame area as a function of change in moment may

be expressed by

AA_FF = l_ﬂ (l.lll-)
_\ TR, T
1 ¢
and from equation (1.7) it follows that
.8k AN
At = o (1.15)

The total change in frame area is proportional to ( Dter +At) and is given by

3
& _oh 5:6 LM E N '8”AMJ (1.16)
Fo3 3£ 03 TR, TR T en
By letting Rl = Rlc
s oen [ FEE -
T E I R 0%
Page 6
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II, A, Forward Structure (cont.)

Since weight of the forward frame is given by

= A
Wep TI'Dl A /o (1.18)
the change in weight as a function of change in moment is given by

2
6.22 Rl 5.8

AW _ =AM + (1.29)
FF /D E h2 0 c

3. Center Frame

The required cross-sectional area of the center frame to resist

instability failure is given by Ref 1 to be

2
C.MD
F 12
ber =\ TR (2.20)
then the change in area as a function of change in moment is
Abg = M (1.21)
2 CF M
Kh LB
where
. . - 1
CF = dimensionless coefficient = 18000
M = bending moment at frame
Ky, = dimensionless shape parameter = 5.24
L = .115 D12 optimum frame spacing

E = modulus of elasticity
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1T, A, Forward Structure (cont.)

Center frame weight is given by the expression

Wop = B T Dlzf (1.21)

from which the change in weight can be derived to be
A g -
oM T (1.22)

2 CF M
n 1B

A WCF

=~

4, Aft Frame

The compressive frame load on the aft frame is

M P
R 2
[Fc] ult -LTRE N mg] 1.4 (1.23)
2

therefore the change in load is

_Lhkom (1.2k)

P
'H'R2

AQ{F ] ult
c

In addition to the compressive load it can be seen from Fig 2 that a tensile load
also exists on the aft frame. The change in magnitude of this load as a function

of change in moment is

1.4 4
F. = ~—————§g tan & (L.25)
TR,
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II, A, Forward Structure (cont.)

The area and weight of the aft frame is expressed by equations

(1.26) and (1.27) from which the change of weight is derived in equation (1.28).
LF, | wit tand R,
App = (1.26)

Wpp = WTD12 AAF(O (1.27)

2.8 AM, tan ¢
AF = & (1.28)

c

5. Total Structure

The total change in weight of the forward structure is given by

summing the delta weight of the individual components, so that

= A FAN
ZXWFS WST + ASWFF + wCF + ZXWAF

B. STAGE WEIGHT
The stage change in weight as a function of change in bending moment
from lengthening the interstage structure can also be calculated from summing the
weight change of the structural components.
The schematic diagram shown in Figure 2 shows the components, forward

head skirt fuel tank, fuel tank stringers and frames and oxidizer tank upper and

lower head skirts, whose weights are affected by this change in moment.
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II, B, Stage Weight (cont.)

1. Forward Head Skirt Fuel Tank

Load on the structure is given by equations (2.1)

{F]ult=[ M_ P]l.h (2.1)

2 D
TT32 o

and R2.61:2 [F} .388

ult
i 2.24 g0 (2:2)

The thickness equation (2.2) was developed from NACA TN 3783

Figure 7 and is valid within the range
€0 <% < 3000

Combining equations (2.1) and (2.2) the change in weight of the
forward head skirt can be expressed as a function of the change in moment in equa-

tion (2.3)

2k
A 2he AM Ay P 2.3)

FES = 388 1,358 S
E T R, [F]ult

2. Fuel Tank Stringers

The compressive load on the stringers is given by equation (2.4)

M P
FC = \:—I—ag—-F ﬁ\l (2‘1")
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II, B, Stage Weight (cont.)

where

F, ult = 1.4 F_ (2.5)

If the stringers carry 100% of load then

P
Al =7n, L7, ] u (5.6)
0% )

The fuel tank skin, however, carries some load and an estimate is

made for stringer area
A KA’/
ST est = ST (2.7)

and the equivalent skin thickness for the stringers

/
© st = Agp est (2.8)
D )
The gross tensile stress
(E) - PRESS X R
AJgross ~ 2 (2.9)

2(t/st + t skin)

where ts is the tank cylinder wall thickness.

kin

For combined stringer-skin-frame type structure, the stringer

tensile load, therefore, is

o
Feoot = gy (-E),X b (2.10)
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II, B, Stage Weight (cont.)
and compressive load in the skin 1s

2 .
.3Et” skin (2.11)

R

The net compressive load in the stringer is determined from

lerr, ] wt - [FC S St} 1.4 (2.12)

It can be determined from Equation (2.7) that

AL =28KAM
ST est —TC—R—— (2-13)

and Equation (2.12) that

A[NET Fc]ult = 1.4 AM 1 + .56KTD ty i Fress

TR, ,
R, T (AST ost + T[Dttank)<
(2.14)

The change in stringer area is therefore

AA._=TD
ST T 1.bAM 12 N .56'ﬂ'DKttank Press
TR t 2
G‘c (AST eattTID tank)

(2.15)

Equation 2.15 and 2.13 are iterated until the values are equal. The change in

weight is then given by the expression

AWST=J..’+ L D AM 1 + 56K D t
e 'ITR2

tank press

t 2
Q”c@‘ST est * D tank)
(2.16)
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II, B, Stage Weight (cont.)

3. Fuel Tank Frames

The compressive load on the frames is determined from

M P
FC = TTRE + TT—]S (2-17)

and the tensile load from tank internal pressure is

PRESS R,
F, = —5—— (2.18)

The net ultimate loading is then
[werr ] ., = wu[7F, - F, | (2.19)
and the equivalent bending moment Mi‘is
7

M = TR [mwET F, ] ult (2.20)

By substituting M’ for M in Equation (1.25) the change in frame area can be

determined. The change in weight of the frames is then given by

AWF = AAF'ITDNF/O (2.21)
' _ Loy
where NF = T1I5D + 1 (2.22)

L, Oxidizer Tank Forward Head Skirt

The compressive load on the oxidizer tank forward head skirt is

M P
= —_— )
o = TRE * 7D (2.23)
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II, B, Stage Weight (cont.)

and the tensile load from tank internal pressure determined from equation (2.18).
By combining equations (2.23) and (2.18) net ultimate compressive load is determined

to be

| et Fc] PR [Fc - Ft]

By substituting the appropriate values in Equation (2.3) the change

in weight of the oxidizer tank forward head skirt can be determined.

5. Oxidizer Tank Aft Head Skirt

The change in weight of the aft head skirt is solved the same as L

above except that the tensile load from tank internal pressure is equal to zero.

Page 1k
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LIST OF SYMBOLS

area in.

distance from neutral axis to extreme edge of beam
diameter, inches

modulus of elasticity, lb/in.2

load, 1b/in.

kick load

estimated % load supported by stringers

length inches

bending moment, in-1lb

axial load 1b x axial acceleration "g"s

pressure, lb/in.2

radius, inches

radius at c.g.

shear load, 1lb

weight, 1b

weight of payload, lb .

frame spacing,inches

stringer spacing, inches

length at base of U section - see Figure 2
critical thickness, inches

thickness, inches

equivalent skin thickness of stringer
incremental change

density of material, lb/in.3
allowable material stress, lb/in.2

angle of forward structure
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Subscripts:

AF

c

cr

CR

F

FF
FHS
mat'l
prop

ST

ult

12
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LIST OF SYMBOLS (cont.)

aft frame
compression
critical
center frame
frame

forward frame
fuel tank head skirt
material
propellant
shear
stringers
tension
ultimate
upper

lower

average
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I. ASSUMPTTONS
In the present analysis, the following assumptions are made:

(1) The overall engine motions (due to #(t) ) have no effect on the buckling

motions of the nozzle extensions.

(2) The power spectral density, q(w), is a step function in a given spectral

range.

(3) The generalized mass, Mﬁ, is approximately equal to the mass, mN, of

the undeformed nozzle.

IT. FORMULATION OF EQUATIONS OF MOTION

The equations of motion for forced vibrations of a fixed-free thin conical
shell nozzle attached to a rigid nozzle free to move in a given rotational direction,

® (t), are derived herein.

Consider the vibrating coupled system shown in Figure 1, where the various
displacements, distances, forces, and masses of the flexible nozzles and engi»e
are defined. ILet the displacements, W(X, CP,‘t;),’\)'(X,CP,t) , and w(x,¢,t)

be expressed as
Wx @, t) = Us (@) 1(t)
V(L) = T (2.9) 5. (t) Lin] (1)
Clrgt) = Wi (9D (£) +x'6(t)

S= 1, 2,3 -- - -
where )

Wy Ay and W, = modal clapes of noazle
ZS (1) = normaliaed coorc\ma*g/ Cin. ]
x'= €A%, (Fiqure ) ,[ n.]

= mode number
:  coupled sﬂg1em v otet iona) amqk>

S
)
x’(P = nozxzle c,oorc\ma'{ps
t

= time, {SL’C-}
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11, Formulation of Equations of Motion (cont.)

The kinetic energy may be written as

T=3 [ (0w )dm, =2 Mh/;;’*' 593 6+ Iééf L] (2)
My

where

L\b E sec”
dM = differential mass of the coupled system, T
b

sec
M N generalized mass of the nozzle, i\_}-{-«—-——-‘ ]

ey
=//O° (Ug+vre wlh) AV
v
ﬁo = mass density of the nozzle, (—\-l\zv—\gﬁ\]

o by secT
L lbwme 22,0 %\ X._L\T\——]

\] = volume of the nozzle, [H\3 ]

-

. A
59*- static unbalance of the coupled system about its elastic axis, L\l:{ Lec J
= Me Ree

e Ve
Mg" total mass of the coupled system, {I_tj.g,_s.,f’, J
.

Xcz. location of center of gravity of the coupled system, {_in.]

k.

IQ: mass moment of inertia of the coupled system, My , about O (Figure 1),[\[;4”\3%4\

Page 2
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II, Formulation of Equations of Motion (cont.)

The potential energy may be written as

U=z KN3:+L KAG'L) [ieg in]

Y

where

\<N= spring constant of the flexible wall nozzle

= Wy, MNJ[—\L{]

n,

*ig: spring constant of the coupled system

= (A_)L Ié. {\\‘D‘F ‘|n‘]

2

\
Wy~ natural frequency of the nozzle, [ Sec ]
\
L*)Gr natural frequency of the coupled system, i_gng}

lagrange's equations of motion can be written as

4T\ _ 27 QU |
dt J X, > QX - ClA

Do(' Nz V23 VU
r A L, = [

where
0(|: }5 and a(l:-e} for the present system
CQK = external force acting on the system

The substitution of Egs. (2) and (3) into Eg. (4) yields
Mr\) §5+ C‘N;S + KN55+ 5\9‘4. = QZS ) [“’f]
Selo+ T8+ G 8 v ko= Q[ iby]

Page 3
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1I, Formulation of Equations of Motion (cont.)

where
sec
GN = damping coefficient of the nozzle, [l’b"""”'“ ]

C\g = damping coefficient of the coupled system,UL{ n. sce ]
let

— el

Gy, = % € CTe]
Qy

"
o)

‘ (6)
LCAG\){ {\L{ '\v\.:l

J

where

L =

distance from the elastic axis O (Figure 1) to the point of applica-
: . = Lt ¢
tion of the driving force, F €& [
J

The substitution of Eq. (6) into Eq. (5) yields

oo » 4 -_— A ‘t ‘|V\
+ W, = e Sec™
75 /G"‘}s + ;S + Y, 4 F_?o € , Lsec ] (7)
. - .o _ . -L
. %) + X - $ed A
A +/69 & + o & $ }5 F{.}o C 9 [scc"] (8)
where
/@N = damping parameter of the nozzle, L -S_E‘E ]
= M,
ﬁo = damping parameter of the coupled system, L_s—%-o]
G
= T,
- Sse ‘ : . Se L
Yy M, Lin] , 1% To [ m.]
?— s ){ e F o= R L l
;D N Sec¢ ) o0 I.e J L ::g:-. (7C'~>) (8,,_)
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IIT. SOLUTION OF EQUATIONS OF MOTION

The solutions of Egs. (7) and (8) are of the form, respectively,
_ 7 rewt
75 (¢)= 35 = ['\V‘\—‘\
(9)
»wl

B(t)= & ¢ (10)

The substitution of Egs. (9) and (10) into Egs. (7) and (8) yields, respectively,

——

?—Sg_(w:’wp) + A w/gN] - B, W = F},o

- _ L _ (11)
_-}SY;(A)-Q—GY‘(Q)O-(&))ﬁ-}\OU/G&]:FAO
Solving Eg. (11) for :Z;S and & gives
S [ (g =) +/\6~..)/@9_]-]:—:3° + Y, W Ega 12
) [ (we-aw) + X a)/cN ][(w&'—ou") +hw/@&]- \(NWGCJ'
. L) walfr 4o,

[_(w;;-co") +Aw/@N ] L(w’;—w‘)+ ,iwﬁe]— Yo ¥ w

Ihe denominator of Egs. (12) and (13) can be written as

\jAwga—Bw(’ + Cut +Dw + L CW’»
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III, Solution of Equations of Motion (cont.)

where
A= (1= Vxe)\’
B (Butfi) = 2 (V=6 ¥e)(wl + 95+ )
C= (g +wy +(6N(59)1'+ (=Y ) ot wg —
L((GN +(39)(/6Ncug‘+/@e,cu,})
D= (/er;' + 8o 0T ) - 2 (cu;ww;’-s-/gwg&)w; Wy
E= wy w

Y = Tan' &[ (e e con )0 = (B +/3‘*)‘*)3

(10,0, )= (7 + 45 4,8, ) W + GO ]

The rumerator of Eq. (12) can be written as

\[ﬁw‘*+6—‘w"+ul' C“"?F’ (15)
where . g
e C-nTn)y ) J- 2
G, = 20y (- LT - L)
H, = 0,

—

= -\ f”o W
W; Tan ‘(L‘J Yy, -+ ]

Tre rnumerator of Eq. (13) can be written as

1

\J Ruwts o +H, et F, (16)

Fage 6
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III, Solution of Equations of Motion (cont.)

where Y\& -
F}_: (\_ LJ_)
+ N -
G 2005 (0- T3 - Toor )
1y
Hz_: LWy

= T 3 ,/GM(*i o
b Tk | |

Hence Eqs. (12) and (13) become, respectively,

?;\/ Fuw!+ G uw +H, ' ;(4?—%)
e —
A+ Buwb 1+ Cout+y D=+ B F}o Lin] (a7
5 - FLouwi+ 6™+ H k C@(q'e'%) F (26)
Aot + Buwb+ Cut+ D"+ E o

The substitution of Egs. (17) and (18) into Eas. (9) and (10) yields, respectively,

Fu'+ 6, W +H, B Hwt+ WYy .
)= — 3 — " \
?5( ) VAw8+BwG+ Cw'+Duw +Ek - F3° )[\ )} (19)
\ "+ H LN _ D)
6({ = Food'4 G, W+ Ho A(Wt +‘-|'Q V) — (20)
) A+ Buf + Coud+ D+ £ - }'—;O
The mean square of Zs(t) is defined as
T
258 Jim p
I 9.1‘/ 5 dt , L] (21)
Page 7
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IIT, Solution of Equations of Motion (cont.)

In Ea. (6), if the real part is chosen, namely,

Q}s = R(’.{E Q‘Awtg = —F_o cos wt

(kg )

Q, *° RQ_[EOL(:_'@‘“} = f—"o[_c,osw‘t) W’u‘"‘”']

the solutions (19) and (20) then become, respectively,

AWl Bwbl+ Cu+ Dw+ £

4 w* ' _
35&):»\[ F o+ G w +H, Cos(wt-i-t’»'?-q’p)l:};o J\'\n]

5 (1)- Foud! + Gaeo” +Ho
. Aw+ Buwb + Cat 4 D™+ £

The substitution of Eq. (23) into Eg. (21) yields

T
}s {_T_':;‘o o /Tc.osi-(uu-t +L|/} - q»D) olt‘] -‘_rzoz.

=3
\ S =1
2 4 F}
where
?"z Fowt + 6,0+ H,
> AwB+Rwl 4+ Cet4 DL +E

The mean square of @ (t) is defined as

Page 8
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III, Solution of Equations of Motion (cont.)

The substitution of Eq. (24) into Eq. (26) yields
1

R e A e e T Voo ¥ ) dt |
= . ‘»’. T -:.l " LT y . L bl X . 7 ¥ ) - { '.' i
=T - ’
- L gt (27)
- e
- bo
where
-::: - - F:‘. \4(_)4 - (.‘71 \‘\\ '4 }\ L Wb ( )
3 = : see 27a
A ? A E(ub-\C<Ay-+Lﬂ~P4-E ? .
The mean square values of QE{S and QG are, respectively, ' ‘(
) T 5
-\ Q { 2 -
o - Xbwy = S, - \ = :
IS T.-P a0 LT F: COD Clv)k. K.lt — i F , l \ Lf ] (28)
-T

~N
\ ,Q\V\'\

SN [ R e R, D

From Eqs. (7a), (8a), (28), and (29),

G . orEl I

Js = - F}A [ et ' c
My R )
;‘\g

Ge _ T oL ]
) 5o Tee o | el (29)
£
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ITI, Solution of Equations of Motion (cont.)

The substitution of Egs. (28a) and (29a) into Egs. (25) and (27) yields

N\t -l aL
ZS = }7 =k ) L 'n ]
le
N (30)
A\ -
AL =t &0
6 = 4 <= (31)
<
The substitution of Eqs. (25a) and (27a) into Egs. (30) and (31) gives, respectively,
~nE AY
Qss Qs
- =

. . ] o

(Aws+ Bwb4 C it +D W+ E lz}(w)\" ?
FM«L)Lf + C.‘(,J'-I— H\

A\ /\.\—

Q, Qs

s U

A i, IG

= = < (33)
(Aou‘-» Bwb 4 Cut +Du3'+r:> \Z‘(w)\

Rwh46 w44,

1<)
\

where
S
lzz? (odﬂtthe absolute square of the impedance of the flexible wall nozzle
S
S
':Zg(go)\=.the absolute square of the impedance of the coupled system

From Egs. (28) and (29)

Qo= LG L1 ] (34)

Page 10
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III, Solution of Equations of Motion (cont.)

The substitution of Eq. (34) into Eq. (33) yields
AL

Gz
S My
) < I )L<Aw*—tEw"-+Cw“-\Dw"-«E)
JL Lot 4w + Ha

(35)

If st(t) is not sinusoidal, but a random function,Q}S(t) needs only to be defined

by the square mean value as follows:

[=9)

{\7’ Pay . . >
2 -—/w dw , Lk
o]
where
% (Lu) = power spectral density of an input force,[ \bf’t-Sec ]

Similarly, let the power spectral density of f ;(t) be defined by

j{\spg/&g(w) deo ) L]

[od

where

j (w) is given as

G ()

My

|Z, ¢ |

g (w) =

L in"=sec }

(36)

(37)

(38)*

¥Bisplinghoff, R. L., Ashely, H., and Halfman, R. L., "Aeroelasticity," Addison-

Wesley Publishing Company, Inc., 1955, pp. 813-825.
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ITI, Solution of Equations of Motion (cont.)

and hence, from Eqs. (37) and (38),

)

P i 0w

If 3((4)) is assumed to be a slowly varying function compared to the variation of the
impedance with.%ﬂ

}Z F(w )/ Fw"+6.wﬁ'+H.

Awf + Bwb + Ceot 4 Dw 4 E

d(JJ 9 L IY]L} (LI-O)

Let
Fuwt + G, udt + 4 3
; | | ! dw = I ) [ sec ] (41)
s AW +Bw® 1 Ce* 4 Dum +E 2
where IZS is a function of/QN, /@4 s Wy Wy MysMg 5 Xeer and IG .

From Egs. (40) and (L1),
av (@)

e L Lint ] (12)

A
Substituting Eq. (42) into the square mean value,W (% ¢), of the displacement,
’ k™
w(x9 t ), given in Egs. (1) and then deleting X & (only one degree of freedom,

namely, only the motion of the nozzle is considered here) gives

A~ (o N -
W(x,9) = g (x9) %M;> I, L 1 s

Page 12
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III, Solutior. of Equations of Motion (cont.)
If the modal shape, W (x‘ce), is assumed to be of the form*
W (k@)= wr (A0 AN + AN ) (44)
s ()= W ;/ 7,7 31 sin(sq (
where

LU‘SO = the modal amplitude and the function of mode number, s (see Section VII)

%
7 ) __Sz_i_. . /Q - /Q_ ’Qo , (see Figure 1),

A
the maximum value of (y of Eq. (43) will then be

A* —+ 2 F(ww) -~
w,, = W, A% e T . [m ] (Lha)
y !
where
AS: A\ + AL t A:g (see Reference 1) (Lhp)

The critical radial deflection required for buckling, "Uzm,? is obtained as*

v, x
_ kkSTLTA AR |
T wev)a Gy, o b @

where k., K, h, and p, are introduced in Reference * and )\: Q| /j?.o .

Tke critical force which gives rise to buckling of the cone can be approxi-

mately determined by equating Eg. (44a) to the square of Eq. (45), i.e.,

A

" "
WM(,\ = lAJ“C\'N-. 9 L in ] (

=
]
oy
~—r

*"Study on Bell-Mode Vibrations of Conical Nozzles," Aerojet-General Corporation
Space Propulsion Division of the Liquid Rocket Plant, Azusa, California., Aerojet-
General Report No. 25681, May 1963.
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III, Solution of Equations of Motion (cont.)

This result provides for a relationship between the critical force,<%ccp4), and A s

which is directly related to area ratio, as follows:

RRsH Q= N

Cwy) = _‘_15—\-1):) M, \bf  sec (46)
%C ngo As Izs N \ }

If the modal amplitude;ﬁacj, and the coefficient, AW , are known for a given mode
number, $, the evaluation of %C(}UN)tw'Eq. (46) depends upon the evaluation of

the integral,:rss . This integral can be evaluated in closed form. It would be,
however, difficult to obtain simple physical parameters from its evaluation. On
the basis of engineering simplicity and on the fact that the overall engine motions
(due to & ) would have little or no effect on the buckling motions of the nozzle
extensions, the following approximation is developed by substituting jIgr oG into
Eq. (25a):

F,wb'+c.co"'+\-l. ~ \
ALt +B P+ Colf+DI+E w;_w“+(@;w\'

(47)

Eq. (47) implies that & motion is excluded in the determination of nozzle exten-

sion motion,'gs. Based on Eq. (47), the integral,:[zs, becomes:

I /C _1_) ﬁw /@uw; ’

Thus, the final expression for the critical force becomes, from Egqs. (46) and (48),

[l ] (18)

e
N

2

PR

%CCwKJ = —T%— _I—L‘fl;\\) ) oo M:(@NQJ: " UL_}- Sec} (49)
s
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Iv. AERODYNAMIC FORCES INDUCED BY VIBRATION OF THE NOZZLE

When a gas flows through the nozzle, aerodynamic forces act over the nozzle
surface. If the nozzle is deformed, there is a change in the magnitude and distri-
bution of these surface forces. The functional relation between the deformation
and the change in surface forces produced by the deformation,uf(x,?,t), can be

obtained as¥*¥
) I I
F ) =4 [O/A(w)”“’?(n@;—s,i A? Acp , UE{] o

where

A(W)=-*‘U 3—“5—_@__1 M=% dw
M—) OX Moy M= Y+ 3[
[n

U

byt ] e

‘™

\

mass density of the gas, "lbf gfﬁt ]
n

velocity of the gas, [éﬂz]

P1: Mach number

wi(xg,t)= w; (vg) Fs (1) lin] 3
wy (9D = Wfso(m?ﬂ Au 73 e As ") sinCsg)
3 (8) = T () , 0

{():a rardon function of time

7= j% 9 Q,rﬁ‘ﬁo

v

(50D)

*EQ . (SOa) represents a first order approximation to the aerodynamic theory in
which the influence of three-dimensional aerodynamic effects is neglected and the
the Mach number should be greater than approximately 1.6.

#¥R. L. Bieplinghoff and H. Ashley, "Principles of Aero-Elasticiiy,’
Irr., 19A2, p. 443,

Al

John Yiiley & Sons.
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1V, Aerodynamic Forces Induced by Vibration of the Nozzle (cont.)

By one dimensional isentropic flow theory,
ks R
N X 2]
M--1 | M* -\ <\+ %—\-M”>*"
Pa U . M- - M/OQ\JYR (M = , LH—":{ s_e__&} (52)
L -\ 3
\ M=) M \' Q\ 4 __...M)z(x-\) "

where

(51)

P()/OL )TC = chamber pressure, density, temperature 5 \\_L_i]){‘%] ) ('Q
X = specific heat ratio
K

= gas constant, K%ﬁ?&:fiﬂ ]
m=" K

ILet the mean Mach number of fluid in the nozzle be denoted by Mﬁ and hence the
mean values of Egs. (51) and (52) be denoted as, respectively,

¢ B Mo
- = ~ lb (53)
Moy (1 M w\> Pa (M) 5 (3L ?
s 3 VR - ec
M A \J (M o = HM(MM)’ {LE;\(WL] (54)

Q + ! "‘ ”>z(m

Thus Eq. (50a) is written in the form

A(w) = HA\%{-» HM%W:- (55)

From the geometry (Figure 1), Eq. (50) is written in the form:

EﬁY .ﬂﬁW)ch+Lﬂ®/ﬁmw3 dydq LIbf ] (s6)
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IV, Aerodynamic Forces Induced by Vibration of the Nozzle (cont.)

The substitution of Eq. (50b) into Eq. (55) yields

A(W’) W; _ HAlwio\ Zs(t) <ZA\I7 3 3A7_7L+ y A3 ‘/—5)(/\’ //1+Az//3+

ho)om 60) + M3, () (Ar+Auf ey aisq) , (B2 6D

The substitution of Eg. (57) into Eq. (56) yields

C _(HLin, sinol -~
Rﬁ%{%ﬁ~++@§Q”LMQ%Q

H lIn_ﬂg - L
+&2059< L + HAZES :“M ) 55(1) Libf ]

(58)%
(H I-LHJL° ‘HA I)_. SIV\OK ——‘— _
c0s™ X
(59)
(HALIH-M { + Ha, Ty S f&L —_ G
Co S ‘ cos™ L ) Wee = TR
Then Eq. (58) is written as
L= G 50 + K3 () | [bf] (60)

E'a 3 3 - .
Illg 121; 112, and 122 are given in the foot-note of the next page
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IV, Aerodynamic Forces Induced by Vibration of the Nozzle (cont.)
This force,F;(t), is the aerodynamic force induced by vibration of the nozzle.

S
Eq. (50a) reduces to the case of piston theory when “pfﬂ_\ —> M and E%ﬁfi - | .
In this case, Egs. (53) and (54) become

X ?: M _ \b{
e (B e
2 L
pVFET
= He(M,) o | BE (¢2)

—Q N —%‘M@)ﬁﬁ)

*T I.., and 12 of Eq. (58):

117 Torr Tio 2

VAT
L./ O/<ZA'7 30724 Ay’ )(A 7 At Ay 7") s (59) J7 d¢
L [ (b3 ) (s Aup’s gy sty

I.JO/Z(A.'[? Aup*+ Asy")bs.n‘(sq)) J7dep (552
L m
Iz; /6/ (A,77'+ A,_73+ A, 7“‘)?3:6’(3@) 47@
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V. PREDICTION OF INPUT SPECTRUM FORCE WHEN THE AERODYNAMIC FORCE, FA(t), ACTS
OVER THE NOZZIE SURFACE

In Section IT, the critical spectrum force, %1;(QJN), was obtained as

T L, -
W
Golowy)s Wome Tufu S gy (59)
LW, AL
by solving the equation of motion of the nozzle (Ref. Eq. (7) ):

M“?S * CN?S + KN?S = Fc(t) (63)

In the analysis, the square-mean value of Fc(t) was defined (Ref. Eq. (36) ) as

N oo
F. 2 /'}(w) dw (64)

In the present section, the equation of motion of the nozzle is written in the

form
Mud * Gk o+ Kk T RO+ R (65)
where
Fo(1) = input force acting over the nozzle surface

The substitution of Eq. (60) into Eq. (65) yields

Mo 3 4 G _‘55 + Ky s = Fr(t) (6]
where
Gg= Gy- Gy
Kg= Ky~ Ka (66a)
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V, Prediction of Iaput Spectrum Force When the Aerodynamic Force, F (t), Acts Over
A
the Nozzle Surface (cort.)

Iet the square-mean value of FD(t) be defined as

F:.é.[%b(w) dw

(67)
Then the input spectrum force, %D CLUN), may be obtained as

N ™ -
wp (29 M W .
%D<(UN): T~ N'/@B : , UWf sec |

(68)

where

A
W;(XJCP)T- the square-mean value of the displacement,wg()f CP)“:); which is
duced by the input force, Fb(t)_,

pro-

‘ (69)
) —m ! [ se¢” ]

N v
When the maximum value of V\TD ()(/CP) is considered, the input spectrum force,

3’0(0‘)"‘) , is rewritten by substituting X= {, and S@= T

= into Eq. (68) as
A 2
W W;,mu M\)FB 0“9‘3’ 'R
%D( N) = T 1" ) [\b{ SQQ] (70)
— W, A

From Egs. (49) and (70},

ﬁgf>(LL)N:) CDEJWux 11 /28 Lkﬂ;
K-QUUM) W ) -

, (1)
Ce e FN c‘k)N
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V, Predictior of Imnput Spectrum Force When the Aerodynamic Force, FA(t), Acts Over

the Nozzle Surface {cont.)

If the input spectrum force, %1>(u)~9, produces a critical displacement

at the nozzle surface,

N
W5 may = Wern (72)
In this case, Eq. (T1l) becomes
((ON) Bwb .
Bolon) - e )
(o Bn N
The substitution of Eqs. (66a) and (69) into Eq. (73) yields
%D(‘*%)
= | = (Re+Ry) + R
7. (wy) (Re+ Ry ¢ R (74)
where
- G
R G: wd Ry® KAM
(Tha)
From Egs. (49) and (74),
VJ'I’ P4z. C&)\—
7o(wy) = %< S “i_é” . [l—(KG+RK)+RGK4 (75)
W:o AS -
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VI. POWER SPECTRAL DENSITY, G / P8, OF VIBrRATTNG NOZZLE IN TERMS OF ACCELERATION

It is assumed for the present case that the power spectral density,z,g(tu)j

of critical force ig expreszed in the form:

0, WL Wy
Tl = § g, Widwgow, b)) (76)
) w > W,

as shown in the figure btelow:

Lo - - -
A

|
5% o

UwJ —_—————
(The spectral range is from (Wi to W)

For the case of Ej. {7€), Eg. {64) becomes

/L&c(wa /; (w)dw = ?KC_CWL‘”&),UJJ (773

let

Wy

%Kcz ('Ug,"’dm ?LCWN) ; [IL-:( Seg]

(78)

ther substitutirg Eq. {7F . i-7t0 E3. 777 gives

/'\ e

o= Wug (), L “’? ] (79)
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VI, Power Spectral Density, G2/CPS, of Vibrating Nozzle in Terms of Acceleration (cont.)

Similarly if the power spectral density, C%D(QQ, of input force 1is assumed to be of

the form
o} W) < g
(wy={ °
%_D Frp ) W & W £, le; sec] (80)
0,  w>w,
where
= ___fiféL___ =
fes O co, Fo(wn) [1bf see ] (802)
then Eq. (67) becomes
/\
F™ = w W) . (81)
D N %—D( N “ ”37( )
The functions, (:b and Cfé , are defined as, respectively,
< €;1_
e = % (82)
N
»a B
N (83)
N 30

where
= acceleration due to gravity, { LA ]
(] Sec*

The substitution of Eq. (79) into Eq. (82) yields

Sl AT (1)
My e
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VI, Power Spectral Density. GE/CPSF of Vibrating Nozzle in Terms of Acceleration (cort.}

The substitution of Ej. (81} irto Fg. {&3) yields

> T Ty a- (85)
MN 30
From Eas. (49), (707, (72}, (Bi), and (85)
L 3
Cl = I lencf (86)
¢ —L )
Tr W;o AS 20
Cl = A crit /603 UUB N s
o . 873
W;o S 8:0
where
A= A+ AL+ Ay [eﬁa(qus_)]
e Lot +8tama) [ L Mok ey (16)]
So Ir,\ \\\LO$O(, $\Y\°( 3 5 ,
From Eae. (74} (f+), and (85
czz. .
T _ .k “
- i (\ Ret+ RK,) —+ RG—EK (88
!C
Fage 2L
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VII. DETERMINATION OF MODAL AMPLITUIDE, WS 0

The generalized mass, MN, of the nozzle wall was introduced in Eq. (2).

For the present case, it may be approximated for S = 6 by
g, p2m ~
= v - e |by sec
M ﬁ’\///"\rS O(V'ﬂ&[‘o/ws—’—asa( Axi? ‘JK. n ] (89)
where h is a thickness of the nozzle wall.
The substitution of Eq. (4U4) into Eq. (89) yields
/Q‘/lﬂ' .
- UG:V * 3 Y % ekl \bys sec
e U, [ T fonongTarends; g, (525 o
Let
Q, =t .
L 3 R I yn
[[(A,'7+A17+A37") sin(s@og dxdg=Ty , (1] (o)
Then Eq. (90) is written as
— — Sec”
M= Ak Tuwl , Abgied (%)

Iet the mass of undeformed nozzle wall be denoted by'mN. It is assumed in the

present study that the generalized mass, MN, is approximately equal to the mass,
My
o |k cec”
Mo = my o B

(93)
The substitution of Eq. (93) into Eq. (92) yields
W My
C = -
° R4 T, (94)
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VII, Determination of Modal Amplitude, \TJSO (cont.)
The mass, MN, of undeformed nozzle wall is obtained as

'IT/: (JL +ﬂ+"'kh'“°0(coao( Mj; > ” il—l’i—gﬁ' ] (95)

The substitution of Eq. (95) into Eq. (94) yields

IR

W,

TT(IL°+ At'f'g*—faMOL) )'Lg‘ﬁ(—)‘ ! (96)

T (6000( T S

VIITI. SAMPIE CAICULATIONS

™
The procedure for determining the input spectrum force,Qp , in terms of
acceration when the aerodynamic force, FA(t), acts over the nozzle surface 1is outlined

here.

(1) I, eiven by Eg. (91)

g, am
[ huponsy Tent (seimz 44 49
(2) WSO given by Eq. (96)

Wo ¥ VW (Lt Apt 0 tamed) KL _ “’«7}1’&>
So IM cnd A"’V\—O(

, and I, given by Eq. (58a)

(30 Iy95 Inys Ipp

0 //?2%7-8#\ YARLIY )(A ) +A, r/ +4, )5,,\ (qu)ol,?ig

22

(-

’-"I

/omLA 7*‘3AL7+4A37)(A7+A ‘7*43 ‘?)7Sm (s¢) A,A
/ (A /) 4‘\ 7 +A3 )Sm (5?9)04/71?
{o/ (A7*A7+A;7”)7s,;“"(scp)db/oqcp
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VIII, Sample Calculations (cont.)

(4) {Q_QY‘RT{given in Eq. (54)

Fe

¢ ¢ P
(NveT, = YRI,VKKR zq??T?

(5) Hy, and H,,

given in Egs. (53) and (54)

re M.

*4ﬁ': - T
[z (s i)™
Haw = ~ LR e e

;\]———ﬁ(\_uz >1oc\)

(6) K, and G, given by Eq. (59)

- H‘Al:[|\ Lo
Koa® oo oL + ootk

Seo

H}\|:124 PIARA Ql:>"”

HA?_I\Z e HA7- _\_—7_-)_ MO( —
e e = U“’;

(7) My given by Eq. (92)

F’IN=/<3, AT, W

(8) Ky and Gy given in Eq. (63)

2 lb
KN: wN MN ) X-—\-\"\{_

GN’-‘-CJJNMNSN L\L Sec_-k

*g . is the structural damping coefficient of the mode S and seldom exceeds a value
0.05. 1In the present study gy is assumed to be a value of 0.015.
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VIII, Sample Calculations (cont.)

(9) R, and R, given by Eq. (Tka)

G K
- Ga
Re .
Ka
R = A
kK KM

(10) q_(@,) given by Eq. (49)

W;::t M: /@N

%C<wu) - TY W—]_-L'I—
— W A
W - A e
Crig ~ y —_
1Z(1-V7) N N\

), L]

From Reference¥* , [F24 and K= ,24

AT = (A, 44, 4A3)L

(11) @) given by Eq. (TH)

Wy _ .
’ i‘\)o% 9‘¢\& ;/gNz _[J_lﬁw

E See ez (‘-{g)]

Folwn < [1-(Re+Ru)+ ReRe] 2 ()

(12) G 2/G-2 given by Eq. (88)

(13) GCQ given by Eq. (8k4)

o = Wy %c(wu)
« MU 9o

¥See reference at bottom of page K-15.

'G:' = |- <K6-+ ek) + RG_Q\(
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VIII, Sample Calculations (cont.)

(14) GD2 given by Eq. (12)

1_- 2 G—;
AN

Thus, if a driving force of GD g's of "white noise" is uniformly applied to
the nozzle extension, which may be caused by combustion instability, aerodynamic
noise from the missile, boundary layer transitions, etc., then this force repre-

sents the limit in terms of initial buckling of the nozzle extension.
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LIST OF SYMBOLS

see Equation Lk

distance from origin to extension attachment point, in.
critical acceleration, g's

driving acceleration, g's

damping coefficient of the nozzle

damping coefficient of the coupled system

extension thickness, in.

mass moment of inertia of the coupled system about the origin,
1bf-in.-sec?

spring constant of the nozzle extension, lbf-in.
spring constant of the coupled system, lbf-in.
distaence from throat to nozzle exit, in.

distance from throat to extension attachment point, in.
Mach number

total mass of the coupled system, lbm

chamber pressure, psia

power spectral density of the input force, lbfz—sec
external force acting on the system, 1bf

nozzle exit radius, in.

nozzle radius at attachment point, in.

nozzle throat radius, in.

gas constant, Llbf-ft/(1lbm-°R)

static unbalance of the coupled system about its elastic axis,
lbm-in.

time, sec

kinetic energy, 1lbf-in.

chamber temperature, °Rankine
displacement along nozzle wall, in.
modal shape

potential energy, lbf-in.
circumferential displacement, in.

modal shape
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LIST OF SYMBOLS (cont.)

3

volume of the nozzle, in.
displacement normal to nozzle wall

modal shape

distance from extension attachment point, in.
distance from origin, in.

distance from origin to c.g. of engine, in.
impedance of the nozzle extension

impedance of the coupled system

cone half angle

damping parameter of the nozzle, l/sec

damping parameter of the coupled system, l/sec
ratio of specific heats

rotational angle

Poisson's ratio

normalized coordinate, in.

density of gas, lbm./in.3

mass density, lbm./in.3
frequency, l/sec

natural frequency, l/sec
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